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Abstract. Let G be a complex semisimple Lie group, Q a parabolic subgroup and 
G a real form of G. The flag manifold G/Q decomposes into finitely many G-orbits; 
among them there is exactly one orbit of minimal dimension, which is compact. We 
study these minimal orbits from the point of view of CR geometry. In particular 
we characterize those minimal orbits that are of finite type and satisfy various non- 
degeneracy conditions, compute their fundamental group and describe the space of 
their global CR functions. Our main tool are parabolic CR algebras, which give an 
infinitesimal description of the CR structure of minimal orbits. 
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§1. Introduction 

In the last decades the study of CR manifolds grew to become an increasingly 
important theme of research (see e.g. [AnF], [AnH], [BaERo], [HNl], [Tr]). Par- 
ticularly important was the work of N.Tanaka ([Tl], [T2]). He considered the CR 
manifolds as generalized contact manifolds carrying a partial complex structure, 
and showed that under some regularity and strict nondegeneracy assumptions the 
study of their differential geometrical invariants fits into the scheme of Cartan ge- 
ometry. Later Chern and Moser ([CM]) deeply investigated the CR invariants of 
strictly Levi nondegenerate hypersurfaces. 

More recently, there has been an increasing interest in the study of homogeneous 
CR manifolds, both of the hypersurface type and of arbitrary CR codimension 
([ASl], [AS2], [ASS], [AzHuR], [K], [KZ], [St]). They provide the natural examples 
that suggest and motivate also the directions in which it is reasonable to pursue the 
analysis on the general abstract CR manifolds. In fact the generalization in [HN2] 
of the classical notion of (local) pseudoconcavity of [HNl] was largely motivated by 
the work on homogeneous models of [AIN], [LN], [MeNl], [MeN2], [MeN3], [MeN4]. 

In [MeNl] we associated to the graded Lie algebras introduced by N.Tanaka in 
[Tl] and [T2], and that we called in [MeNl] Levi-Tanaka algebras, some standard 
CR manifolds, showing in [MeN4] that they are characterized by special rigidity 
properties. These standard CR manifolds are compact if and only if they are min- 
imal orbits for the action of a real form in a complex flag manifold. In turn, all the 
minimal orbits of the action of real forms in complex flag manifolds are compact ho- 
mogeneous CR manifolds. However, not all of them are standard. Some, which are 
strictly Levi nondegenerate, correspond to non compact standard models. Beside, 
there are others (see §12 for the complete classification) which have an irreducible 
CR structure, but are not strictly Levi nondegenerate. These considerations lead 
us to investigate in [MeN5] more general objects, that we called CR algebras. They 
are canonically associated to homogeneous CR manifolds, as will be explained in 
§4. Unlike the Levi-Tanaka algebras, they are not required to be graded. Indeed, 
the existence of a CR compatible Z or Z2-gradation of the CR algebra was shown in 
[LN] to be related to that of a Riemannian Ci?-symmetric structure (in the sense of 
[KZ]) of the associated CR manifold. In particular in [MeN5] we discussed weaker 
nondegeneracy assumptions to ensure finite dimensionality of the Lie algebra of 
infinitesimal CR isomorphism, and hence the possibility of utilizing the homoge- 
neous model as the 0-curvature object of a Cartan geometry. Among the different 
nondegeneracy conditions for the partial complex structure of a CR manifold M , 
we discussed in [MeN5] the concept of weak nondegeneracy. A homogeneous CR 
manifold M which is not weakly nondegenerate is locally the product of a CR man- 
ifold and of a complex manifold of positive dimension. A complete classification of 
the minimal orbits that are weakly nondegenerate is obtained in §11. 

In this paper we concentrate on the CR structure of the minimal orbit M of the 
action of a real form G in a complex flag manifold G/Q. These orbits, especially the 
open ones, have been studied in connection with representation theory (cf. [GiMa] , 
[Hu], [HuW], [Wl], [Zi]). Our point of view here is strictly that of CR geometry. 

The arguments are organized as follows. In §2, 3, 4 we rehearse the essential 
definitions and notions to prepare the general setting for the study of the CR 
geometry of the minimal orbits. 

In §5, 6 we give the notion of parabolic CR algebras and we associate to each 
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minimal orbit M a special parabolic CR algebras that we call minimal. Minimal 
orbits and parabolic minimal CR algebras are in a one to one correspondence. We 
classify parabolic minimal CR algebras, and thus the minimal orbits, by attaching 
to each of them a cross-marked Satake diagram. 

In §7 we study some special morphisms of CR algebras, which are infinitesimal 
analogues of smooth G equivariant fibrations. They will be an essential tool in the 
following sections. 

In §8 we compute the fundamental group of M and we show that, under a 
condition (F) that is shared by all minimal orbits that are fundamental, (i.e. those 
in which the Cauchy-Riemann distribution generates the full tangent space), all 
G-homogeneous CR manifolds that are locally C-R-diffeomorphic to M are simply 
connected and globally Ci?-diffeomorphic to M. 

In §9 we read off the cross-marked Satake diagrams the property of being fun- 
damental and prove that every G-homogeneous CR manifolds that is locally CR- 
diffeomorphic to M admits a fundamental reduction which is a CR fibration on a 
totally real basis with a connected and simply connected fiber. 

In §10 we characterize totally real and totally complex minimal orbits, and in 
§11, 12 we read off the cross-marked Satake diagram the property of weak and 
strong nondegeneracy. 

In §13 we classify all minimal orbits that are essentially pseudoconcave, justi- 
fying the experimental claim made in [HN2] that "tiie vast majority of them are 
essentially pseudoconcave" . 

Finally, in §14, we study the space of global smooth CR functions on M. 

A Satake diagram gives a graphic representation of the conjugation defined by a 
real form on the Dynkin diagram of the corresponding complex simple Lie algebra. 
We largely utilize Satake diagrams in the presentation of our results. Thus we found 
expedient, to fix the notation and for identifying specific set of simple roots used to 
define special parabolic subalgebras, to add, at the end of the paper, the table of 
the Satake diagrams of all the non compact real forms of simple real Lie algebras 
of the real type. In all statements concerning cross-marked Satake diagrams, we 
understand that the notation refers to that table. 

§2. Preliminaries on CR manifolds 

We briefiy rehearse some basic notions for CR manifolds (see e.g. [AnF], [HNl], 
[MeNl], [BaERo]). 

An (abstract) almost CR manifold of type {n, k) is a triple (M, HM, J), consist- 
ing of a paracompact smooth manifold M of real dimension {2n + k), of a smooth 
subbundle HM of TM of even rank 2n, its holomorphic tangent space, and of a 
smooth partial complex structure J : HM — > HM, = —1, on the fibers of HM. 
The integer n > is the CR dimension and k the CR codimension of (M, HM, J). 

Let r^'°M and T°'^M be the complex subbundles of the complexification CHM 
of HM, which correspond to the i- and (— i)-eigenspaces of J: 

(2.1) T^'°M = {X - iJ X\X e HM} , T^'^M = {X + iJX\X e HM} . 
We say that (M, HM, J) is a CR manifold if the formal integr ability condition 

(2.2) [C°°(M,r^'^M), C°°(M,T°'^M)] C C°°(M, T°'^M) 
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holds [we get an equivalent condition by substituting T^'° for T^'^ in (2.2)]. When 
A; = 0, we have HM = TM and, via the Newlander-Nirenberg theorem, we recover 
the definition of a complex manifold. A smooth real manifold of real dimension k 
can always be considered as a totally real CR manifold, i.e. & CR manifold of CR 
dimension and CR codimension k. 

Let (Ml, i^Mi, Ji), {M2, HM2, J2) be two abstract smooth CR manifolds. A 
smooth map / : Mi — > M2, with differential /* : TMi — > TM2, is a CR map if 
f^{HMi) C HM2, and f^{Jiv) = J2f*{v) for every v e HMi. We say that / is a 
CR diffeomorphism if / : Mi — > M2 is a smooth diffeomorphism and both / and 
are CR maps. 

A CR function is a CR map f : M ^ C of a CR manifold (M, HM, J) in C, 
endowed with the standard complex structure. 

Let M he a CR manifold. Denote by T*^'°M the annihilator of T^^^M in 
the complexified cotangent bundle CT*M and by Q^'^M the quotient bundle 
CT*M/T*^'^M, with projection ttq. It is a rank n complex vector bundle on M, 
dual to T^'^M. The c^M-operator acts on smooth complex valued functions by: 
Bm — ttq o d. The CR functions on M are the smooth solutions u of Bmu — 0, i.e. 
of = for aU L e T°'iM. We shall denote by Om{M) the space of smooth CR 
functions on M. 

A CR embedding (p of an abstract CR manifold (M, HM, J) into a complex 
manifold OJl, with complex structure Jan, is a CR map which is a smooth embedding 
and satisfies (/)^,{HpM) = (j}^{TpM) fl Jyyi{(/)^,{TpM)) for every p G M. We say that 
the embedding is generic if the complex dimension of 971 is {n + k), where (n, k) 
is the type of M. A real analytic CR manifold (M, HM, J) always admits an 
embedding into a complex manifold ^Xfl (see [AnF]). 

If (p : M — > dJl is a smooth embedding of a paracompact smooth manifold M 
into a complex manifold OJt, for each point p E M we can define HpM to be the 
set of tangent vectors v G TpM such that Jm(p*{v) G (p*{TpM). For v G HpM, let 
Jmv be the unique tangent vector w G HpM satisfying (j)^{w) = J^(j)^{v). If the 

dimension of HpM is constant for p G M, then HM = (J^gM-f^p-M and Jm are 
smooth and define the unique CR manifold structure on M for which (M, HM, Jm) 
is a CR manifold and : M ^ 9Jt a CR embedding. 

The characteristic bundle H^M of {M, HM, J) is defined to be the annihilator 
of HM in T*M . It parametrizes the Levi form: recall that the Levi form of M at 
p is defined for ^ G H^M and X G ifpM by 

(2.3) C{i;X) = df(X, JX) = (e,[JX,X]), 

where | G C°°(M, iy°M) and X G C°°(M, ffM) are smooth extensions of ^ and X. 
For each fixed ^ it is a Hermitian quadratic form for the complex structure Jp on 

HpM. 

The map HM 3 X ^ \{X - iJX) G T^'^M yields for each ;> G M an R- 
linear isomorphism of HpM with the complex linear space T^'^M, in such a way 
that the antiinvolution Jp on HpM becomes in Tp'^M the multiplication by the 
imaginary unit i. In this way we associate to the Levi form £(^; •) a unique 
Hermitian symmetric form Tp'*^ x T^'^ 3 (Zi, Z2) C^{Zi, Z2) G C such that 
£(^; X) = jC^{X - iJX, X - iJX) for aU X G HpM. 
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In the next sections, to shorten notation, we shall write simply M, or M"^' , for 
a CR manifold (M, HM, J) of type (n, k), as the CR structure will in general be 
clear from the context. 

We recall that a CR manifold M is: 

• of finite kind (or finite type) at p e M if the higher order commutators of 

C°°(M, HM), evaluated at p, span TpM; 

• strictly nondegenerate (or Levi nondegenerate) at p G M if for each Z G 
C°°{M,T^'^M), with Z{p) ^ 0, there exists Z' G C^iM^T^'^M) such 
that: 

[Z',Z](p)^Tpi'°M + TpO'iM; 

This is equivalent to the following: for every Z G T^'^M \ {0} there exist 
C G i?°M and Z' G Tpi'OM such that C^{Z, Z') 0. 

• weakly nondegenerate at p G M if for each Z G C°°{M, T°'^M), with Z{p) 7^ 
0, there exist m G N and Zi, G C°°(M, T^'^M) such that: 

[Zu ...,Zm, Z]{p) = [Zi, [Z2, . . . , [Z^, Z] . . .]](p) Tpi'^M + T^O'^M. 

§3. The minimal orbit in a complex flag manifold 

Throughout this paper, we shall consistently use the symbol V to indicate the 
complexification of a real vector space V. 

A complex flag manifold is a coset space DJl — G/Q, where G is a connected 
complex semisimple Lie group and Q is parabolic in G. The manifold 3Jl is a closed 
complex projective variety which only depends on the Lie algebras g of G and q 
of Q : this is a consequence of the fact that the center of a connected and simply 
connected complex Lie group is contained in each of its parabolic subgroups. 

A real form of G is a real subgroup G of G whose Lie algebra is a real form of 
Q (i.e. 3 = C ®iK 0). The real form g is the set of fixed points of an anti- involution 
in : = Fix0(cT) = {X G | a{X) = X}. 

A real form G acts on the complex flag manifold dJl by left multiplication, and 
OJl decomposes into a disjoint union of G-orbits. In [Wl] it is shown that there 
are finitely many orbits, and a unique one which is closed (hence compact). This 
orbit M has minimal dimension and is connected. In particular, the connected 
component of the identity G° of G is transitive on M. Thus, while studying M, 
we can as well assume that G = G° is connected. 

Moreover, up to conjugation, we can arrange that the closed orbit is M = G • o, 
where = eQ. We shall denote by G+ = G fl Q the isotropy subgroup of G at o 
and by 0+ = n q its Lie algebra. 

The closed orbit M has a Ci? structure induced by its embedding in the complex 
manifold This can also be described by using the canonical identifications : 
ToM ~ 0/q and T^M ~ 0/0+ C ToWl. We have then : 

(3.1) i/„M^ (0n(q + q))/0+ 

and 



(3.2) 



r Jo : HoM HoM is defined by : 

{ Jo{X + X + Q+)=iX -iX + Q+ forXGq. 
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The bundle HM and the partial complex structure J are defined, at all points of 
M, in such a way that G acts on M as a group of CR automorphisms. By using 
the identification T^q^JI = Q/{Ad{g)q), we obtain: 

r T,G^M^0/(Ad((7)0+) 
(3.3) I HgG+M ={gn {Ad{g)q + Ad{g)-q)) / Ad{g)Q+ 

[ JgG+{X + X + Ad{g)Q+) ^iX-iX + Ad{g)Q+ for X e Ad{g)q. 

Note that the embedding of M into Wl is always generic, because TpWt = TpM + 
TpM at every pe M. 

§4. Homogeneous CR manifolds and CR algebras 

To a Ci? manifold M, which is homogeneous for the action of a real Lie group 
G of CR transformations, we associate a CR algebra (g, q). This is a pair con- 
sisting of the real Lie algebra g of the group G and of a complex subalgebra q 
of its complexification g. This subalgebra q is the inverse image of T^'^M by the 
complexification tt^, of the differential tt* : g ~ TgG — > ToM of the group action at 
e. Note that the fact that q is a complex Lie subalgebra of § is a consequence of 
the formal intcgrability condition (2.2) for CR manifolds. 

Let (fl, q) be a CR algebra. The real Lie subalgebra 0+ = g n q is called its 
isotropy. Let G be a connected and simply connected Lie group with Lie algebra g. 
Assume that the analytic subgroup G_|_ of G corresponding to the Lie subalgebra 
is closed in G. Then the homogeneous space M — G/G-|- is a smooth paracompact 
manifold and has a unique CR structure such that : 

. TO'iM = 7r.(q) 

• G acts on M by CR diffeomorphisms. 

We denote the CR manifold G/G+ by M{g, q). 

For general definitions and basic properties of CR algebras we refer the reader to 
[MeN5]. In particular, we recall that a morphism ofCR algebras (j) : (g, q) — * (g', q') 
is a homomorphism ^ : — ^ fl' of real Lie algebras whose complexification cf) satisfies 
^(q) C q'; it is a CR submersion if (p{g) -\- g'j^ — g' and (/)(q) + q' fl q' = q'. 

We say that the CR algebra (g, q) is: 

• effective if there are no ideals of g contained in g_|_; 

• fundamental if q + q generates g ; 

• ideal nondegenerate if there is no ideal o of g with a C q + q and a <^ g+; 

• weakly nondegenerate if there are no complex subalgebras q' C g with 

qCq'cq + q; 

• strictly nondegenerate if for every Z E q\q there exists Z' & q such that 
[Z,Z']^q + q. 

If (g, q) is the CR algebra associated to a G-homogeneous CR manifold M, these 
notions express geometric properties of M (see [MeN5]) : effectiveness is equivalent 
to almost effectiveness (i.e. discreteness of the isotropy subgroup) of the G action; 
fundamental to finite kind; ideal nondegeneracy to holomorphic nondegeneracy 
(see [BaERo]); weak and strict nondegeneracy to weak and strict nondegeneracy as 
defined at the end of §2. 

When (g, q) is weakly degenerate, it was proved in [MeN5] that there is a CR- 
fibration M(g, q) M' of the corresponding homogeneous CR manifold M(g, q) on 
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a CR manifold M' with the same CR codimension, having a non trivial complex 
fiber. For homogeneous simply connected CR manifolds, the condition of weak 
degeneracy of §3 is in fact necessary and sufficient for the existence of CR fibrations 
with non trivial complex fibers. Indeed, for general CR manifolds, the existence 
of a CR fibration with non trivial complex fibers implies weak degeneracy, as we 
have : 

Proposition 4.1. Let M and M' be CR manifolds. We assume that M' is locally 
embeddable and that there exists a CR Gbration M — > M' with totally complex 
Gbers of positive dimension. Then M is weakly degenerate. 

Proof. Let / be any smooth CR function defined on a neighborhood U' of p' G M'. 
Then tt*/ is a CR function in U = 7r~^ (£/'), that is constant along the fibers 
of TT. Then, if L e C^{M,T^'^M) is tangent to the fibers of tt in U, we obtain 
that [Zi , . . . , Z^, L] (tt*/) = for every choice of Zi, . . . , e C°°{M, T^^^M). 
Assume by contradiction that M is weakly nondcgcnerate at some p with 7r(p) = 
p' . Then for some choice of Zi, G C'^{M.,T^'^M) we would have Vp = 

[Zi , . . . , Zm, L] ^ T^'^M © T^'^M. Since the fibers of tt are totally complex, 
7r*(vp) ^ 0. By the assumption that M' is locally embeddable at p, the real parts of 
the (locally defined) CR functions give local coordinates in M' and therefore there is 
a CR function / defined on a neighborhood U' of p' with Vp{TT*f) = 7r*(fp)(/) ^ 0. 
This gives a contradiction, proving our statement. □ 

We can always reduce to the case of an almost effective action of G : at the level 
of CR algebras, this corresponds to substituting to (g, q) its effective quotient, which 
is the CR algebra (g/ a, q/a), where a is the maximal ideal of g that is contained in 
0+, and d its complexification in q (see [MeN5, Lemma 4.7]). 

§5. Parabolic CR algebras 

In the following, we shall restrict our consideration to the the case of parabolic 
CR algebras, i.e. those CR algebras (g, q) where g is finite dimensional and q is 
a parabolic subalgebra of g. In this section we explain some of their simplest 
properties. 

Proposition 5.1. A parabolic CR algebra (g, q) is effective if and only if the 
following two conditions are satisfied: 

(i) g is semisimple, 

(u) no simple ideal of g is contained in q fl q. 

Proof. The statement follows by observing that: (a) for a parabolic (g, q) the radical 
r of is contained in g_|_; (b) if an ideal a of g is contained in q fl q, then a + a is 
the complexification of an ideal b of g contained in g.).. □ 

To an effective parabolic CR algebra (g, q) we associate a CR manifold M = 
M(g, q), unique modulo isomorphisms, defined as the orbit G • o in G/Q, where: 

• G is a connected and simply connected Lie group with Lie algebra g ; 

• Q = NQ(q) is the parabolic subgroup of G with Lie algebra q ; 

• G is the analytic real subgroup of G with Lie algebra g. 

Note that for a parabolic (g, q) also M(g, q) is well defined and is the universal 
cover of M(g, q). 
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The following proposition reduces the study of effective parabolic CR algebras 
(0, q) to the case where g is a simple real Lie algebra. 

Proposition 5.2. Let (g, q) be an effective parabolic CR algebra and let q = 
01 ® • • • ® 0£ be tie decomposition of g into tie direct sum of its simple ideals. 
Tlien: 

(i) q = qi © ■ ■ ■ © q^ where q^^ q fl for j = 1, . . . , i; 
(ii) for each j = 1, (flj, q^) is an effective parabolic CR algebra; 

{Hi) (0, q) is ideal (rcsp. weakly, strictly) nondcgcncrate if and only if for each 
j = 1, . . . , £, the CR algebra {Qj, q^) is ideal (resp. weakly, strictly) nonde- 
generate; 

(iv) (0, q) is fundamental if and only if for each j = !,...,£, the CR algebra 
(Qj, qj) is fundamental. 

Proof. In fact = 0j=i 0j is a decomposition of into a direct sum of ideals. The 

decomposition (i) of q follows then from the decomposition ^ = 0j=i (^^ H Qj^ of 

any Cartan subalgebra of contained in q (see [B2, Ch. VII, §2, Prop. 2]). 
The proof of the other statements is straightforward. □ 

We note that, with the notation of Proposition 5.2, 

M(0, q) ~ M(0i, qi) X ■ ■ ■ X M{Qe, qe) 
M(0, q) ~ M(0i, qi) X ■ ■ ■ X M{Qi, q^) 
where " ~" means isomorphism of CR manifolds. 

When q is parabolic in 0, its conjugate q with respect to the real form is also 
parabolic in 0. Therefore the intersection q fl q contains a Cartan subalgebra t) that 
is invariant under conjugation (see e.g. [B2, Ch.VIII, §3, Prop. 10]. We observe that 
0_i_ contains an clement A with adqnq(^) semisimple and of maximal rank. The 
centralizer [) of A in is a Cartan subalgebra of that is contained in q n q and is 
invariant under conjugation). The intersection f) = [) n is a Cartan subalgebra of 
0. Thus we have : 

Lemma 5.3. Let (0, q) be a parabolic CR algebra. Then 0_|_ = q n contains a 
Cartan subalgebra of q. □ 

Moreover we have: 

Proposition 5.4. Let (0, q) be an effective parabolic CR algebra. The set n+ of 
the elements A of the radical t(0+) of 0-j-, for which 3idg{A) : — > is nilpotent, is 
a nilpotent ideal of 0+ and there exists a reductive subalgebra tn of 0+ such that 

(5.1) 0+ = n+ © m . 

The reductive subalgebra to is uniquely determined modulo the subgroup of inner 
automorphisms of 0+ generated by those of the form exp [adg^{X)) with X E n+. 

Proof. Indeed q, being parabolic, contains the semisimple and nilpotent parts of 
its elements. I{ X e q belongs to the real form 0, then also its semisimple and 
nilpotent parts belong to 0. Therefore 0+ is splittable, i.e. contains the semisimple 
and nilpotent part of its elements and we can apply [B2, Prop. 7, §5, Ch.VII] to 
obtain our statement. □ 
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Let 3 denote the center of W and let s = [if, it)] be its semisimple ideal. Then 

(5.2) m = 3 ©5. 

Thus, a Cartan subalgebra f) C g+ of g can be taken as the direct sum 

(5.3) ^ = 3©f)' 

of the center 3 of tti and a Cartan subalgebra [)' of 5. Vice versa, every Cartan 
subalgebra () of contained in has the form (5.3) for some reductive subalgebra 
m of 0+. 

Choose a Cartan subalgebra [) of q, and denote by () its complexification, which 
is a Cartan subalgebra of g. Fix a Cartan decomposition 

(5.4) Q = t®p 

of 0, where t is a maximal compact subalgebra of Q and p its orthogonal in q with 
respect to the Killing form, such that : 

(5.5) f) = ^+©f)- where f)+ = f) n I and i)~ = i)r\p; 

t)"*" is the toroidal and [)~ the vector part of f). 

Set f)K = {i f)"*") © [)~. This is a real subalgebra of i) and the Cartan subalgebra 
of a real split form of g ; we denote by its dual. Let TZ = 7^(g, [)) C f)^ be the 
associated root system and denote by C g the eigenspace corresponding to the 
root a eTZ. 

We shall denote by the Weyl group oi TZ: it is the group of isometries of 
f)^ generated by the reflections Sa with respect to the elements a E 71. We recall 
that it is canonically identified to the quotient Nint(g)(f))/Zint(0)('))- This will be 
also called the algebraic Weyl group, to distinguish it from the analytic Weyl group 
W(,, which is the image in of the composed homomorphism: 

Ni„t(0)([))/Zi„t(g)(f)) Ni„t(0)(^)/Zi„t(0)(^) — W^. 
We also consider the group of all the isometries of t)^ that transform TZ into 
TZ. The (algebraic) Weyl group is a normal subgroup of A^. We have a natural 

isomorphism NAut(g)('))/ZAut(0)(')) — ^ A^, yielding a commutative diagram: 



(i)) > Ni„t(fi)(^) 



ZAut(fl)(^) ^ NAut(0)(^) 



We 



Aut(A) 
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with exact rows and columns, in which we denoted by Aut(A) the group of auto- 
morphisms of the Dynkin diagram A associated to TZ. 

We finally define the group Af, as the image in of NAut(fl)(f))) identified to 
a subgroup of NAut(fl)(f))) by the homomorphism described above. 

Denote by <t{TV) the set of Weyl chambers associated to the root system TZ. 
Choose a Weyl chamber C C f)K and let -< be the corresponding partial order in 
f)^, defined by 

(5.6) a<l3 <^ a{H) < /3{H) e C . 

Let 7^+ = TZ+{C) = {a e 7^ I a ^ 0} and 7e- = 7e-(C) = {a e 7^ I a ^ 0} be the 
set of positive and the set of negative roots with respect to C, respectively, and 
denote by B = B{C) the set of simple roots in TZ'^. If 

Ct = J2i n-iO^ij Oil ^ Bj IT'i ^ ^) 

we set 

supp(q!) = supp^(q;) = {ctj & B\ni ^ 0}. 

Let $ be a subset of B. The set of those /? e Tl~ for which supp(/?) n $ = 
is a closed system of roots (/3i, /?2 e and Pi + ^ TZ =^ Pi + P2 ^ ^^)- Then 

(5.7) = ^ © 5^ © 5^ 

is a parabolic subalgebra of g, and every parabolic subalgebra of g that contains f) 
can be described in this way, by a suitable choice of the Weyl chamber C and of 
the set of simple roots ^ C B. 
Each set : 



(5.8) 



is a closed system of roots. We set : 

^^g^ r q'^ = qi = ^©EaeQ^r 

V q"' = q<^ = X^aeQ" S'* > 
to obtain the decomposition : 
(5.10) q = q-©q-, 

of q into the direct sum of its nil radical and a reductive subalgebra q^. 

We say that a Cartan subalgebra [) of g is adapted to the parabolic effective 
CR algebra (g, q) if, in the decomposition (5.3), the Cartan subalgebra [)' of s has 
maximal vector part} 



Q 


= 


= 7^+ u 








or 


= Ql 


= {aeQ\- 


aeQ} 


= ^^U(- 


-$^) 




= Ql 


= {aeQ\- 




= 7^+\(- 


-$^) 



^ A Cartan subalgebra of a semisimple real Lie algebra s with a maximal vector part is obtained 
in the following way: Assume that s = 6 © p is a Cartan decomposition of s. Take any maximal 
Abelian Lie subalgebra f)^ of s contained in p and let fi^ be the centralizer of f)^ in t. Then 
i)' = i)a ® f)t is a Cartan subalgebra of s with maximal vector part. All Cartan subalgebras of s 
with maximal vector part are conjugate and can be obtained in this way from a suitable Cartan 
decomposition of s. 
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A real Lie subalgebra t of g is triangular if all linear maps adg(X) G 0tR(5) 
with X e t can be simultaneously represented by triangular matrices in a suitable 
basis of 0. All maximal triangular subalgebras of g are conjugate by an inner 
automorphism ([Mo], §5.4, or [V]). A real Lie subalgebra of Q containing a maximal 
triangular subalgebra of q is called a t- subalgebra. 

An effective parabolic CR algebra (g, q) will be called minimal if = q fl g is 
a t-subalgebra of g. 

We observe that a maximal triangular subalgebra of Q contains a maximal 
Abelian subalgebra of semisimple elements having real eigenvalues. Hence: 

Proposition 5.5. An adapted Cartan subalgebra of an effective parabolic minimal 
CR algebra {q, q) has maximal vector part as a Cartan subalgebra of q. □ 

Theorem 5.6. Let g be a semisimple real Lie algebra and q a parabolic subalgebra 
of its complexification g. Then, up to CR isomorphisms, there is a unique parabolic 
minimal CR algebra {g' , q') with g' isomorphic to g and q' isomorphic to q. 

Proof. Fix a maximal triangular subalgebra t of g. Its complexification t is solvable 
and therefore is contained in a maximal solvable subalgebra, i.e. a Borel subalgebra, 
b of g. Modulo an inner automorphism of g, we can assume that b C q. The CR 
algebra (g, q) is parabolic minimal. 

Let q, q' be parabolic subalgebras of g such that 0+ = q n g and g'j^ = q' H g are 
i-subalgebras of g. By an inner automorphism of g, we can assume that g+ and g'_^_ 
contain the same maximal triangular subalgebra t of g and hence a same maximal 
Abelian subalgebra of g of semisimple elements having real eigenvalues. Hence, 
using another inner automorphism of g, we can assume that q and q' contain the 
same maximal vectorial Cartan subalgebra f) of g. 

The inner automorphism of g transforming q into q' can now be taken to be an 
element of the analytic Weyl group, leaving the Cartan subalgebra f) and hence g 
invariant. It defines a CR isomorphism between (g, q) and (g, q'). □ 

We recall that a CR algebra {g, q) is totally real if q = q, or, equivalently, if 
= q n = H+ = n (q + q) . This is equivalent to the fact that M{g, q) is totally 
real, i.e. a CR manifold with CR dimension 0. For a totally real effective parabolic 
CR algebra (g, q) the real subalgebra g+ of g is parabolic, hence a t-subalgebra of 
g. Thus we have : 

Proposition 5.7. A totally real effective parabolic CR algebra is minimal. □ 

Effective parabolic minimal CR algebras correspond to minimal orbits. In fact 
we have : 

Theorem 5.8. The CR manifold M{g, q), associated to an effective parabolic sub- 
algebra (0, q), is compact if and only if {g, q) is minimal. 

Proof. Indeed, since G is a linear group, a G-homogeneous space G/G_(_ is compact 
if and only if G+ contains a maximal connected triangular subgroup (see [O, II, 
Ch.5, §1.1]), i.e. if g+ is a t-subalgebra of g. □ 

§6. Parabolic minimal CR algebras 

AND CROSS-MARKED SATAKE DIAGRAMS 

Denote by a : — ^ involution induced by the conjugation defined 

by the real form g of g. If is the complexification of the Cartan involution 
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associated to the decomposition (5.4), then the conjugation equals {—'&) on so 
that a = - (t^Ii,.)*. 

We note that cr{TZ) —TZ. A root a is called real if a = a{a) = ct, imaginary 
if a = a (a) = —a. We shall denote by TZ, the set of imaginary roots in TZ. We 
recall from [Ar] : 

Proposition 6.1. Let a : l)^ i)^ be the involution associated to the conjugation 
induced by the real form g of Q. The real Cartan subalgebra i) of Q has maximal 
vector part if and only if C 6 = C ®r for all a G 71, . 

Let i) he a Cartan subalgebra of g with maximal vector part and TZ = 7Z{g, f)). 
Then there exists a Weyl chamber C e €{TZ) such that: 

(i) a = a{a) >- for all a e TZ+{C) \ 7^.; 

(n) there are pairwise orthogonal roots . . . , /3m, G TZ, such that sp^ o ■ ■ ■ o 
sp^^ is the element w^^fj ^-^ of the Weyl group that transforms C into C; in 
particular w^^q (j-^ is an involution : w^^ = 1 ; 
{iii) there is an involution sc G A^, such that ec{,C) — C, that commutes with 
a and with Wi^q^q^, such that: 

a = Sco W(^c,C) ■ 

The Weyl chamber C is uniquely determined modulo the analytic Weyl group 

A Weyl chamber C that satisfies conditions (z), (ii) and {in) of Proposition 6.1 
will be called adapted to the conjugation a. 

We shall denote by B, = B,{C) the set B{C) fl TZ, of simple purely imagi- 
nary roots of TZ~^{C) and by S = S(C) its complement in B. The involution ec 
transforms S into itself. Moreover, from Proposition 6.1 we obtain the conjugation 
formula : for every cu e S there are integers no.,/? > such that 

(6.1) a = ec{a) + ^ na,f3P ■ 

We associate to C the Satake diagram of g. It is obtained from the Dynkin 
diagram of g whose nodes correspond to the roots in B{C) by painting black those 
corresponding to imaginary roots and joining by a curved arrow those corresponding 
to distinct roots cti, 02 G S with ec{c(i) = ai- 

We can associate to any automorphism ry G A(, the automorphism f] = r\ o 
W(^-\(C),C) £ -A-f,, that leaves C fixed. We observe that fj{B{C)) = B{C), and 
therefore fj defines a permutation of the nodes of the Satake diagram S. Thus the 
quotient group A[,/W[, can be considered as the group Aut(5) of automorphisms 
of the Satake diagram S. 

Note that a Satake diagram is completely determined by the data of: (i) the 
underlying Dynkin diagram A, (ii) the color (white or black) of the nodes, (Hi) the 
involution ec on the nodes of A. 

The correspondence between real semisimple Lie algebras and their Satake dia- 
grams is one to one. 

We list in the appendix all the connected Satake diagrams of the non compact 
forms. We use the labels (A I, . . ., G) devised by Cartan in his classification of 
symmetric spaces. We shall also consistently employ the indices attached to the 
simple roots in these diagrams throughout the paper. 
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We proved in Proposition 5.5 that, for a parabolic minimal CR algebra (g, q), the 
isotropy subalgebra contains a Cartan subalgebra f) of with maximal vector 
part. First we prove : 

Proposition 6.2. If (g, q) is an effective parabolic minimal CR algebra and i) is 
a Cartan subalgebra of q with maximal vector part and contained in q, then there 
exists a a-adapted Weyl chamber C for (g, i)) such that TZ'^{C) C Q. 

Proof. Modulo an inner automorphism of g, we can assume that any given parabolic 
subalgebra q of g contains a Borel subalgebra b of the form 

aen+(C) 

for a Weyl chamber C e C{71) adapted to the conjugation a defined by the real 
form g. Then b fig is contained in g_|_ and contains a maximal triangular subalgebra 
t of g (see for instance [OV, 4.4, 4.5] or [Wa 1.1.3, 1.1.4]). The statement follows 
from the uniqueness stated in Theorem 5.6. □ 

Let S be the Satake diagram of the semisimple real Lie algebra g. The nodes of 
«S correspond to the simple roots B{C) of a Weyl chamber C e €{7l) adapted to 
the conjugation a defined by g. Fix a subset $ of B{C) and consider the diagram 
$) obtained from S by adding a cross-mark on each node of S corresponding 
to a root in $. 

We associate to the pair $) the CR algebra (g, q$) with defined by (5.7). 

Two cross-marked Satake diagrams («S, $) and («S, \E') are said to be equivalent 
if there exists an £ e Aut(«S) such that = e{^). 
Proposition 6.2 and Theorem 5.6 yield : 

Theorem 6.3. The correspondence 

{S, $) i — ^ (g, q$) 

is bijective between cross-marked Satake diagrams (modulo automorphisms of cross- 
marked Satake diagrams) and minimal effective parabolic CR algebras (modulo CR 
isomorphisms ) . 

Example 6.4. The diagram 

• o • 

CKi a2 Q!3 

X X 

corresponds to 

g = sl(2,H) csl(4,C), 

q = {Ze sl(4, C) I Z{{ei)) C (d), Z((ei, es, eg)) C (ei, es, eg) }, 
where 61,62,63,64 is the canonical basis of C"* with eiM — (61,62) and 63IHI = 
(63,64). 

The associated minimal orbit is the CR manifold M — M^'^ whose points are 
the pairs (£1, is) consisting of a complex line ii and a complex 3-plane £3 of with 
ii-M. G £3. It is strictly nondegenerate, of CR dimension 3 and CR codimension 2; 
all its nonzero Levi forms have one positive, one negative and one zero eigenvalues 
(see for instance [HN2]). 
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Example 6.5. The diagram: 




corresponds to 

= su(l,3) Cs = 5[(4,C) 

q = {Z e s[(4, C) I Z((ei, e^)) C (d, 63) } 
where ei, 62, 63, 64 is a basis of such that 



su(l,3) = {Z es{{A,C) 



1' 
10 

10 

1 0' 



z + z* 








The associated minimal orbit is a CR manifold M = M ' , of hypersurface type, 
with a Levi form having one positive, one negative and one zero eigenvalues, and 
is weakly nondegenerate but not strictly nondegenerate. 

Example 6.6. The diagram: 




Q!3 
X 

corresponds to 

= su(l,5) C = s[(6,C) 

q = {Z G s[(6, C) I Z((ei, 62, 63)) C (d, 62, 63) } 
where ei, 62, 63, 64, 65, eg is a basis of such that 

su(l,5) = |zesr(4,C) 




h J Z + Z* h J = 

The associated minimal orbit is the CR manifold M — M^'^, of hypersurface 
type, with a Levi form having two positive, two negative and four zero eigenvalues, 
and is weakly nondegenerate but not strictly nondegenerate. 

Example 6.7. The two diagrams : 





and 



are isomorphic. Indeed the map = 04-^ for z = 1, 2, 3 defines an isomorphism 

of cross-marked Satake diagrams. The corresponding effective parabolic minimal 
Ci?-algebras correspond to = su(l, 3) and q = q{ai}; 1 = ^{aa}; respectively. Let 



K = 



•0 1- 
10 

10 

1 0- 



and identify with the Lie algebra of 4 x 4 complex matrices with trace zero that 
satisfy X*K + KX = 0. The CR isomorphism (0, qaj) (0, q^g) is given by the 
map su(l, 3) 9 X ^ - *X e su(l, 3). 
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§7. 3-EQUIVARIANT FIBRATIONS 

In this section we discuss morphisms of CR algebras of the special form (g, q) — > 
(0, q'), for q C q'. They have been called in [MeN5] g-equivariant fibrations and 
describe at the level of CR algebras the corresponding G-equi variant smooth fi- 
brations M(0, q) — i> M(g, q'). In this section we focus on the CR algebra aspects, 
preparing for the applications of the next sections. 

We keep the notation of the previous sections. In particular, g is a semisimple 
real Lie algebra, [) a Cartan subalgebra of g with maximal vector part, TZ = TZ{q, I)), 
C a Weyl chamber adapted to the conjugation a in J)^ induced by the real form g 
of 0, B = B{C) is the set of simple roots in TZ'^ = TZ'^{C). 

Let \& C ^» C B. Then q$ C q^ and the identity on g defines a natural g- 
equi variant morphism of Ci? algebras (see [MeN5]) : 

(7.1) TT : (0, q$) ^ (0, q*) . 

Its fiber (see [MeN5]) is: 

0' = 0n q* = gn q* 

(7.2) {g',q'), where { 0' = q* n q^ 

q' = q$ n 0' = q$ n q^ n q^ = q$ n q* . 

Denote by 71' and Q' the sets of roots a G 7^ for which Hatg"" is contained in §' 
and q', respectively : 



(7.3) 
define : 



7^' = n Qq, 



7^" = 7^'n(-7^') = Q^nQ^ 

(7.4) { Q" = Q'n n" 

A = n'\n" = (Q^ n Q*) u (Q^ n Q*) 

and set : 

(7.5) <^ q"-q'nr 

Then TZ" is cr-invariant, g" — q^ H q^ is reductive, q" is parabolic in 0" and 
^ = (1* ^ A^) + (1* l~l ^*) is an ideal in 0', which is invariant with respect to the 
conjugation defined by the real form 0. 

Lemma 7.1. a c q$. 

Proof. We first show that fl fl IZ, — 0. Assume by contradiction that there 
is a G n Qij, n TZ,. From a G we obtain that a = —a G Q^, that is ck ^ Q*, 
which gives a contradiction. 

Since is contained in TZ'^ and Q^nQ-q/ does not contain imaginary roots, also 
its conjugate Q!^ fl = Q'!^ n is contained in 7?.+ . Hence A C TZ'^ C □ 
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Lemma 7.2. B" = B n U" is a basis ofU" . 

Proof. Indeed, assume that a G TZ" is the sum of two positive roots: a = /3 + 7 
with /3,7 G 71'^. Then a G imphes that also /3, 7 G Q^. If (3,j ^ 71,, then by 
the same argument apphed to a = ^5 + 7 G we obtain that 7 also belong to 
and hence to TZ". 

Consider now the case where, for instance, f3 G 7^,. Then jS = —13 G Q\, implies 
that fi G 71" and therefore 7 = a — /3 G 7Z" , showing that also in this case a is not 
simple in [T^"]"*" = 7^+ n 7Z" . This shows that B" is exactly the set of simple roots 
in [7^"]^, and thus a basis of 71" . □ 

We have obtained: 

Proposition 7.3. The CR algebra (0", q") is parabolic minimal. Its cross-marked 
Satake diagram {S" , $") is the subdiagram of («S, $) consisting of the simple roots 
a such that: 

either (i) a e7l,\'^, or {%%) a. ^ 71, and {{a} U supp(a)) n * = 0. 
The cross-marks are left on the nodes corresponding to roots in ^ r\B". □ 

We say that a Satake diagram is a-connected if either it is connected or consists 
of two connected components, joined by curved arrows. 

Theorem 7.4. Let (7.1) be a g-equivariant fihration. Then the effective quotient 
of its fiber is the parabolic minimal CR algebra whose cross-marked Satake diagram 
consists of the union of all a-connected components of the diagram S" described in 
Proposition 7.3, containing at least one cross-marked node. □ 

Example 7.5. Let q = su(l,3) and let $ = {ai,a2}, * = {ai}. Then the cross- 
marked Satake diagrams corresponding to the CR algebra (g, q$), the basis (g, q*) 
and the corresponding effective fiber are given by: 




In the case \E' = {0^2} we have instead: 




ai a2 Q!3 CKi 0:2 0(3 

XX X 

The fiber is trivial and the map is a CR morphism, but not a CR isomorphism. 
The corresponding map M(g, q$) — > M(0, q*) is an analytic diffeomorphism and a 
CR map, but not a CR diffeomorphism. 

A g-equivariant morphism of CR algebras (7.1) is a C R-fibration if the quotient 
map 

(7.6) q*/ (q* n q^) ^ q*/ (q* n q^) 
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is onto. Set M$ = M(0, q$), Mve, = M(0, q*), and F = M(g",q"). The condi- 
tion that (7.1) is a CR-fibration is equivalent to the fact that every point of M$ 
has an open neighborhood which is Ci? diffeomorphic to the product of an open 
submanifold of Mip and F. 
We have the criterion : 

Proposition 7.6. The following conditions are equivalent: 
(i) (7.1) is a CR-Gbration; 

(^^) Ql\Q^C Q*; 
{in) n Q| C Q^. 

Proof. First we prove the equivalence (i) [ii). A necessary and sufficient condi- 
tion in order that (7.1) be a Ci?-fibration is that the sum of the CR dimensions of 
(g, q*) and of the fiber (g', q') equals the Ci?-dimension of the total space {q, q$) : 

dimcq* — dimcq* n q$= dimcq* — dimcq* n q^ 

-l-dimcq* fi q^ — dimcq* n q$ . 

Since all subspaces considered in this formula contain f), this is equivalent to: 

(*) |Q<i.| = - |Q* n Qvfl + n Q*| = \Qq, \ + |Q$ n | , 

(where we used |^| for the number of elements of the finite set A). Since Q$ C Q^, 
we always have : 

C (Q* \ Q^) U (Q$ n Q*) . 
The two sets on the right hand side are disjoint. Hence (*) is equivalent to : 

As C TZ'^ C this is equivalent to 

Q^\Q* c Q*. 

Next we prove that {ii) =^ {Hi). We distinguish several cases. 
If a G n 7^,, then a = —a G Q^, that is ct G Q^. 

If q: G n and a ^ 71,, then a >- 0, hence a G Q*. On the other hand 
—a G \ Q$ and, by (ii), —a G Q*, thus a G Q^. 

Finally we prove that {Hi) =^ {ii). Let a G \ Then —a G n Q^, and 
{Hi) implies that —a G Q^, which is equivalent to o: G Q^. □ 

In particular, we obtain : 

Proposition 7.7. If = Q^, then (7.1) is a CR-fibration. 

Proof. Indeed condition (Hi) of Proposition 7.6 is trivially satisfied if = Q^. □ 

We recall (see [MeN5]) that a CR algebra (g, q) is totally complex if q -|- q = 0. 
This condition is equivalent to g -|- q = g and to the fact that every homogeneous 
CR manifold M with associated CR algebra (g, q) is actually a complex manifold. 
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Proposition 7.8. If U = Q$ U Q^, then (7.1) is a CR-Gbration with a 
totally complex Gber. 

Proof. Indeed we obtain: Qij, \ Q$ C Q$ C and hence {ii) of Proposition 7.6 
follows because D Ql, Q'^ C Q|. 

To show that the fiber is totally complex, we need to verif}' tliat n = 
q$ n + q^ n q$ . This is obvious because q$ C q^ C q$ + q$. □ 

Our next aim is to characterize g-equi variant CR fibrations in terms of cross 
marked Satake diagrams. For this we introduce some notation. 

The component ^(a) of a root a G B{C) is the set of roots (3 G B{C) belonging 
to the connected component of the node corresponding to a in the graph obtained 
from S by deleting those nodes that correspond to roots in \ {a} and the lines 
and arrows issuing from them. 

Given a subset S of -B(C), its exterior boundary dg,E in S is the set of roots a in 
B{C) \ £ such that, for some (3 E £, a + (3 eTZ. 

It will be convenient in the following to identify the nodes of S with the corre- 
sponding roots in B{C). In particular, for a connected subset £^ of a Satake diagram 
«S, we set 5{£) = J2ae£ <^ ^ 

We recall the notation S = B{C) \ Tl» for the set of non imaginary simple roots. 

Lemma 7.9. If a eTZ\ TZ„ then 

supp(ck) D (9e(supp(Q;)) n 7?.,) U ec{su])'p{a) \ 7?.,). 



Proof. By inspecting the conjugation diagrams in [Ar], we find that, if a G S 
(7.7) supp(a) = (S(a) \ {a}) U {scia)}- 

If a = ^ kiai eTZ \ TZ,, then 

supp(a) ( IJ supp(ai)j \ (supp(Q;) n 7^,), 



ki>0 

in particular supp(a) contains (supp(Q;) \ TZ,). 

If /3 G 9e(supp(Q;)) mZ,, then, since supp(Q;) ^ 7^,, there exists cui G supp(Q;) flS 
such that (3 G r.{ai). This implies that supp(Q:) 3 (3. □ 

Theorem 7.10. A necessary and sufEcient condition for (7.1) to be a CR q- 
equivariant fibration is that for every a E ^\'^ either one of the following conditions 
hold: 

(i) ^{a) C 7^.; 

(ii) #(a) ^ n„ £c(*(a) \ Te.) n * = 0, and de^{a) n 7e, = . 

Proof. Condition (ii) in Proposition 7.6 is equivalent to the assertion that, for every 
root 

supp(/3) n ^' = 0l 

(7-8) Z ^ ^ supp(/9) n * = 0. 

^ ^ supp(/3) n $ 7^ 1 
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Fix q: G $ \ and let f3 = (5(^'(a)). Then, according to Lemma 7.9, either 
/? e 7^, or supp(;5) D £c(*(a) \ T^») U (9e^'(a) \ 7^,), showing that either (i) or 
(ii) must be vahd. 

Fix again a G $ \ \I/ and let aj G "^{a). If aj G TZ» then aj = — ctj and 
supp(aj) n \E' = 0. If ctj ^ 71,, formula (7.7) implies that either supp(aj) C ^'(a) 
or aj = ecictj)- In both cases supp(aj) Pi \E' = 0. For a generic (3 G TZ \ TZ, such 
that supp(/3) C ^(a) we have that: 

supp(^) C y supp(aj), 

ajesupp(/3) 

hence supp(/3) fl ^' = 0. □ 

§8. A RIGIDITY THEOREM FOR MINIMAL ORBITS 

In this section we will discuss some topological properties of homogeneous CR 
manifolds, having an associated CR algebra which is parabolic minimal. We gener- 
alize here some results proved in [MeNl], [MeN4] in the case of parabolic minimal 
CR algebras corresponding to semisimple Levi-Tanaka algebras. 

Let (g, q$) be an effective parabolic minimal CR algebra, with associated cross- 
marked Satake diagram (5, $). We say that {q, q$) has property (F) if $ does not 
contain any real root. 

Let (5.4) be a Cartan decomposition of g with (5.5). Denote by t*^^-* = [t, t] the 
maximal semisimple ideal of t and set = t n 5+ = 6 fl q$. We have : 

Proposition 8.1. Assume that {q, q^) has property (F) . Then: 

(8.1) 

Proof. Let t be the complexification of t. Since — C ® t+ = I fl q$ Pi q$, our 
contention (8.1) is equivalent to: 

(8.2) I = 1^^^ + 1+ . 

For a ^ 7?.,, set P = (g" © 0~") H t. This is a 1-dimensional subspace of q, and 
we obtain the direct sum decomposition : 

(8.3) I = e ^ 0" e J] r . 

First we note that 1)'^ C q$ fl q$ . Next we observe that, if a is not real, then 
«(()+) ^ {0} and hence : fl" = [^+,0^*] C if a G 7^., and fi" = C fi^^^ if 

ct ;^ 0, a 7^ ±a. 

By property (F), for a simple real a we have o: G fl and hence G t+. 

To complete the proof, we argue by contradiction. If (8.2) is not valid, there 
exists some real root a y 0, minimal with respect to with ^ t^^^ \Jt+. This 
a is not simple, and hence a — 13 + with (3,'y y and we can assume that P is 
not imaginary. We consider the different cases. 
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If 7 e 7^,, then r = [q^, f^] C 

We note that, for 7 ^ TZ,, the commutator [t^, t'''] is contained in a sum of 
eigenspaces g'^ where 77 is a root in {/? + 7, — 7, /? — 7, 7 — P}. Hence : 
If 7 ^ 7^. and /? - 7 ^ 7^, then P = [fi^, F] C l^^). 

If 7 ^ 71, and /3 — 7 is a positive root, we have that 0^(3 — •^^(3^ a. Thus, 
by the assumption that a is minimal, 6^"^ C i^^'> + 1+ and C [t^, F] + C 

Analogously, if 7 ^ TZ, and 7 — /9 is a positive root, then 0^^ — (3^j~<a; 
by the assumption that a is minimal, F"''' C fi^^^ + 1+ and F C [1^^, F] + C 

As a corollary, we obtain: 

Theorem 8.2. Let M be a connected homogeneous CR manifold whose associated 
CR algebra is a parabolic minimal (g, q^) that satishes property (F). Then M is 
compact and has a £nite fundamental group. 

Proof. Let G denote the semisimple group with Lie algebra q that acts transitively 
on M. Let (5.4) be a Cartan decomposition of q and let K*^^) be the analytic 
subgroup generated by t^^\ Since t^^^ is semisimple and compact, the group K^-*^) 
is semisimple and compact. By Proposition 8.1, K^^^ is transitive on M, because 
for each p G M the orbit K*^^) -p is open and closed in M, and hence fore coincides 
with M, which, in particular, is compact. The universal covering K*^^-' of K*^^-* is 
compact. If K^"* is the analytic subgroup of K*^^) generated by 1^^^ = fi*^^^nq$, then 

M = K*^^^ /K^'' is simply connected and is the universal covering of M. Therefore, 
having a compact universal covering, M has a finite fundamental group. □ 

Example 8.3. Fix a positive integer p, and let g ~ su{p, p) be the set of {2p) x {2p) 
complex matrices Z with trace that satisfy : 

Z*K + KZ = 0, where K= (^^^ . 

Let ei, . . . , e2p be the canonical basis of C^^ and let q C ~ sl(2P: C) be the set 
of {2p) X (2p) matrices in s[{2p, C) such that 

Z{{ei + Cp+i , . . . , Cp + e2p)) C (ei + e^+i , . . . , Cp + 62^) . 

Then (0, q) is parabolic minimal. The corresponding CR manifold M = M(g, q) 
is the Grassmannian of p-planes £p in C^^ which are totally isotropic for K (i.e. 
v*Kv = for aU v e £p). We have 

M ~ {£p = {{v, u{v)) eC^Plv eCP} \ ue U(p)} ~ U(p) 

where U{p) is the group of unitary pxp matrices, i.e. U(p) = {u E GL(p, C) | u*u = 
1}. Then 7ri(M) ~ Z is infinite. In this case the cross-marked Satake diagram is : 




and property (F) is not valid, since $ = {ap} consists of a real root. 
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Proposition 8.4. Let (g, q$) be an effective parabolic minimal CR algebra. Then 
tliere exists a unique minimal (witli respect to inclusion) parabolic subalgebra q of 
Q tliat is contained in q$ and satisfies q$nq.i> = qnq. 

The parabolic CR algebra (fl, q) is minimal and we have: 

(i) q = q-i, for a * D $ ; 
(ii) q^f + q^f is a Lie subalgebra of g . 

Moreover, if property (F) is valid for {g, q$), then it is also valid for (g, q^). 

Proof. Let ^ e f)K be such that : 

Q$ = {a e 7^ I a{A) > 0} 

(for this characterization of the parabohc set of roots see for instance [Wa]). Set 
A — A_ + i with A_ G [)~ and G f)"*"- Fix a real positive e sufficiently small, 
so that |a(iA_|_)| < \a{A_)\ whenever a{A_) ^ 0, and set B — A_ + ieA+. 
Then B e We observe that 

Q = {a en\a{B) > 0} 

is the the set of roots of a parabolic minimal corresponding to some \E' C i3. Indeed 
a{A-) > implies that a{B) > and a{B) — ea{A) when a{A-) = 0. This shows 
in particular that TZ'^ C Qip, and hence Q = for some subset \& of simple roots 
of 7?.+ . This observation also yields (i), while q^ + q^ is the parabolic subalgebra 
corresponding to the set 

Q' = {a en\a{A_) > 0}. 

For a real root a, we have a{A) = a{B), and hence the two parabolic sets Q$ and 
contain the same real roots. This implies that they either both have or both 
do not have property (F). 

Let us prove that $ C Let a e C 7^+. If a{A_) = 0, then a{B) = 
£a{A) > and a G Q^. If a{A_) ^ 0, then a G 7^+ \ 7^,, and hence ct, a G 7?.+ C 
Q$ implies that a{A_) > \a{iA^)\. Thus a{B) > and again a G Q^. Since 
Ql C Ql, we have $ C 

Finally we show that q = q* satisfies the minimality condition. To this aim, we 
will show that every parabolic Lie subalgebra q' of g with q' C q$ and q' n q' = 
q$nq$ contains q^. Since q' contains i), we have q' = ^®^q,^q/ fli" for a parabolic 
subset Q' C 7^. 

We claim that 7^+ C Q' . Indeed, for a G 71'^ \ 71,, we have a G fl Q$ = 
Q' n Q' C Q'. If a e TZ+ mZ,, then either a G and again a G Q$ fl Q$ = 
Q' n Q' C Q', or q; G Q| and -a ^ D Q' implies a e Q' , because Q' is 
parabolic. This implies that (g, q') is parabolic minimal and q' = q^' for some 

D 

To prove minimality, we need to show that C i.e. that a(-B) > for all 
a G First we observe that fl 7^, = \1/ fl TZ, = $ fl 7^,, as we showed above 
that Q"" n 7^, = n 7^. for aU parabohc sets Q' with Q' HQ' ^ Q^nQ^. 

For a G \ 7?.,, either a G $ C or q;(^) = and a{A) > 0. This implies 
that a{A-) > and hence a{B) > 0. 

This completes the proof. □ 

Corollary 8.5. Let ^ C B beasin the statement of the previous proposition 
and let G be any connected Lie group with Lie algebra g. Denote by Ad the 
complexification of the adjoint action of G in g and by 
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NG(a) = {^eG|Ad((7)(a)ca} 
the normalizer of a subspace o of in G. Then 

(8.4) NG(q*) = NG(q$). 

Proof. Indeed, if ^ G NG(q$), then Ad(5r)(q^) is still a parabolic subalgebra of q, 
minimal among those that are contained in q$ and satisfy q fl q = q$ fl q$. Hence, 
by the uniqueness stated in Proposition 8.4, it coincides with and therefore 
g G NG(q<j). Thus we proved the inclusion NG(q$) C NG(q*). 

Note that Ad can be considered as a homomorphism G — > lnt(0), and Ng(ci) = 

Ad (Nint(0)(ci) ior every subspace a of q. Then the opposite inclusion NG(q*) C 
NG(q$) follows from the fact that any parabolic subgroup of a connected complex 
Lie group is the normalizer of its Lie algebra. □ 

Theorem 8.6. Let (0, q$) be an effective paraboUc minimal CR algebra, satisfying 
condition (F). Let G be any connected algebraic complex semisimple Lie group 
whose Lie algebra is the complexification QofQ and let Q be its parabolic subgroup 
with Lie algebra q. Denote by G the analytic subgroup of G with Lie algebra g. 
Then : 

(i) G+ = G n Q is connected; 

iii) M — G/G_|_ is compact and simply connected. 

Proof. First we consider the case where (g, q$) is a totally real parabolic minimal 
CR algebra satisfying condition (F). In this case is a parabolic real Lie sub- 
algebra of 0. Denote by N the normalizer of 0+ in G. Denote by S the real root 
system of with respect to f)~ and let tt : 7?. — > E denote the natural projection. 
By [Wi] we know that the fundamental group of G/N is a quotient group of the 
free group generated by the elements of 7r($) having multiplicity 1. But condition 
(F) implies that no root in 7r($) has multiplicity 1, and hence 7ri(G/N) = 1. Thus 
G/N is simply connected. Since N D G+, we deduce that G+ = N is connected. 
By Theorem 8.2, M is also compact. Thus the proof is complete in this case. 

Consider now a general effective parabolic minimal (0, q$). Let be the subset 
of B found in Proposition 8.4. Then we consider the parabolic qn = q* + q*, with 
n C 

We apply Proposition 7.8 to the 0-equivariant fibration (0, q,i,) — (0, qn). The 
fiber is a parabolic minimal totally complex CR algebra (0', q'). Thus, with G^ 
equal to NG(q*), and Gn equal to NG(qn) = Qn H G, we obtain a G-equivariant 
fibration M = G/Gij- — > G/Gn whose fiber is a complex flag manifold. Since 
both the base space G/Gn, by the first part of this proof, and the fiber are simply 
connected, also the total space M is simply connected. 

By Corollary 8.5, we have NG(q*) — NG(q<i.) = G fl Q$, and therefore M is 
diffeomorphic to M and therefore simply connected. By Theorem 8.2, M is also 
compact. □ 

Theorem 8.6 and Theorem 8.2 yield a rigidity theorem for CR manifolds : 

Corollary 8.7. Let G be a semisimple real Lie group and M a connected G- 
homogeneous CR manifold. If the associated CR algebra (0, q) is parabolic mini- 
mal and has property (F), then M is simply connected and C R-diffeomorphic to 
M(0,q). □ 
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§9. Fundamental CR algebras 

We give a criterion to read off tlie property of being fundamental from the cross- 
marked Satake diagram: 

Theorem 9.1. An effective parabolic minimal CR algebra (g, q$) is fundamental if 
and only if its corresponding cross-marked Satake diagram («S, $) has the property: 

(9.1) a e $ \7^. ^ £c(a) ^ 

Here ec is the involution in B{C) defined in Proposition 6.1. 

Proof. Assume that cci and 0:2 = £c(cn) both belong to $, and let ^ — {cti, a2}. 
Then C $ and hence q$ C q^. To show that (0, q$) is not fundamental, it is 
sufficient to check that q^ = To this aim it suffices to verify that — Q^. 
Let B{C) = {tti, 02, eta, . . . , ai}. Every root a G can be written in the form 
a = Xli=i ^i'^i with ki + k2 > 0. Since C is adapted to the conjugation cr, using 
(6.1) we obtain : 

with k[ + k'2 = k2 + ki > 0, showing that also a e Q^. This shows that the 
condition is necessary. 

Assume vice versa that there exists a proper parabolic subalgebra q' of q with 
q$ C q' = q Then q' = q>i, for some ^' C * 7^ 0. Since = C 7e+(C), we 
have DTZ, — ^. Hence, again by (6.1), we obtain that £c(«) £ * for all a e 
□ 

Corollary 9.2. Fundamental effective parabolic minimal CR algebras have the 
(F) property. □ 

From Theorems 9.1, 7.4 and Proposition 7.7 we obtain: 

Theorem 9.3. Let (s, q*) be an effective parabolic minimal CR algebra and let 
{S, $) be its corresponding cross-marked Satake diagram. Let 

* = {a e $ \ 7^, I £c(«) e $}. 

Tien 

(i) The diagram S' obtained from S by erasing all the nodes corresponding to 
the roots in \1/ and the lines and arrows issued from them is still a Satake 
diagram, corresponding to a semisimple real Lie algebra q' . 
(a) (0, q^») is a totally real effective parabolic minimal CR algebra, 
{in) The natural map (0, q$) — > (0, q^), defined by the inclusion q$ C q*, is 
a 0-cqiiivariaiit CR Gbration. The effective quotient of its fiber is the fun- 
damental parabolic minimal CR algebra (0", q$'), associated to the cross- 
marked Satake diagram {S", $'), where $' = $ \ ^' and S" is the union of 
the a-connected components ofS' that contain some root of^'. □ 

We call the map in (Hi) the fundamental reduction of (0, q$) and the totally real 
CR algebra (0, q*) its basis. 
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Example 9.4. Let g ~ 5u(2, 2) and let $ = {0:2,0^3} (we refer to the diagram 
below). We have £c(cti) = ct4-i for i = 1,2,3 and hence = {a e $ | ec{a) £ 
= {0:2}. In particular (s, q{a^,Q,^}) is not fundamental. Wc obtain by Theo- 
rem 9.3 a 0-equivariant CR fibration (fl, qjaa as}) ~^ (fl)'il{a2}) with fundamental 
fiber (0',qj^^p, with0'~sl(2,C). 




Corollary 9.5. Let G be a semisimplc Lie group and M a G-homogeneous 
CR manifold. Assume that the CR algebra (g, q$) associated to M is parabolic 
minimal. Let (g, q^) be the basis of its fundamental reduction. Then there ex- 
ists a (totally real) G-homogeneous CR manifold N, with associated CR algebra 
(0)1*) > a G-equivariant submersion co : M ^ N such that the induced map 
(jj^ : 7ri(M) — > 7ri(Ar) is an isomorphism. 

Proof. Let o be a point of M and let G+ the stabilizer of in G. Let H be the 
analytic subgroup of G generated by g H q^. Then H contains G^. We claim that 
H- G_|_ = G^ is a Lie subgroup of G. Indeed, for all g G G_|_, we have Ad((7)(q$) = 
q$. Since g is real, we also have Ad(5f)(q$) = q$ and therefore Ad((7)(q*) = q* 
because q* is generated by q$ + q$. This implies that ad{g){'H.) = H for all 
g e G+, and hence G^ is a subgroup of G. It is a Lie subgroup because its Lie 
algebra is real parabolic. Then N — G/G'_^_ is a G-homogeneous manifold. By 
the inclusion G-|- C G^ we obtain a G-equivariant submersion co : M — > N. By 
construction the fiber is connected. It has a natural structure of CR manifold, 
associated to a fundamental CR algebra (5",q$')) ^ Theorem 9.3, which is 
parabolic and minimal. By Corollary 8.7 the fiber is simply connected. Hence 
a;* : 7ri(M) 7Ti{N) is an isomorphism. □ 

§10. Totally real and totally complex CR algebras 

From the discussion in the previous section we obtain the criterion : 

Theorem 10.1. A simple effective parabolic minimal CR algebra (0, q$), with 
corresponding cross-marked Satake diagram («S, $), is totally real if and only if the 
following conditions hold true: 

(i) $ n 7^. = 0; 

(n) sc(^) = □ 

Theorem 10.2. A simple effective parabolic minimal CR algebra (5, q*) with 
associated cross-marked Satake diagram («S, $) is totally complex if and only if 
either: 

(i) g is compact, or 

(u) Q is of the complex type and all cross-marked nodes are in the same con- 
nected component of S, or 
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{Hi) {S, $) is one of the following: 
(All) 

(DII) 



$ = 


{«l} 


$ = 


{«^} 






$ = 





Proof. The Ci? algebra (5, q) is totally complex if and only if g + q = g. This is 
equivalent to the fact that the standard CR manifold G • o is open in the complex 
flag manifold G/Q. Since it is also closed, it follows that G is transitive on G/Q. 
The result then follows from [W2, CoroUary 1.7]. □ 

This yields also a characterization of ideal nondegenerate parabolic minimal CR 
algebras. Indeed, for general parabolic CR algebras, we have : 

Theorem 10.3. Let {q, q) be a simple effective parabolic CR algebra. Tlien {q, q) 
is either totally complex or ideal nondegenerate. 

Proof. We recall (see [MeN5]) that an effective CR algebra (0, q) is ideal nondegen- 
erate if T-C+ = (q + q) n does not contain a non zero ideal of q. When g is simple, 
this is equivalent to the fact that H+ ^ 0, i.e. that (g, q) is not totally complex. □ 

§11. Weak nondegeneracy 

In this section we characterize those parabolic minimal (g, q$) that are weakly 
nondegenerate. We recall from Proposition 4.1 that this means that there is no 
nontrivial complex CR fibration M(g, q$) N with totally complex fibers. In 
turns this is equivalent to the fact that M{q, q$) is not, locally, CR equivalent to 
the product of a CR manifold with the same CR codimension and of a complex 
manifold of positive dimension. 

From Proposition 7.8 we obtain : 

Lemma 11.1. A fundamental effective parabolic minimal CR algebra (g, q<i>) is 
weakly degenerate if and only if there is \1/ C $ such that the Q-equivariant fibration 
(0, q$) — * (s, q-if) is a CR fibration with totally complex fiber. □ 

Lemma 11.2. Let (g, q$) be a minimal fundamental effective parabolic CR algebra. 
A necessary and sufEcient condition in order that (g, q$) be weakly degenerate 
is that there exists C ^> satisfying conditions in Theorem 7.10 and such that 
q^ C q$ + q$. □ 

We now give a characterization of the pairs ($, ^P) for which (7.1) is a CR 
fibration with totally complex fiber in terms of properties of the roots a in $ \ ^f. 

Lemma 11.3. Let (g, q$) be a minimal fundamental effective parabolic CR algebra, 
with g of the real type (i.e. g is also simple). Let 7^ C $ and assume that (7.1) 
is a CR fibration. Then for each a E we have the following possibilities: 

(i) 4>{a) C 7^.; 

(ii) (a) ^'(a) ^7^. = and (b) (^'(a)) nec(^(a)) = 0; 
(m) (a) ^ *(a) nTe. ^ #(«) and (a) £c(*(a) \7^.) = *(a) \7^,. 
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Proof. Fix a G $ \ ^' with ^'(a) ^ 7^, and let 6 = 

li /3 e ^{a) \ Tl, and eciP) G ^'(0;), then supp(5) 3 sc{/3). Since it is connected 
and does not meet we obtain supp(5) C ^{a). This imphes that 4f{a) \TZ, = 
Inthis way we have shown that either £c(*(Q!)\7^,)n*(Q;)\7^, = 
or ec{-^{a)\n.) =*(a)\7^. 

If ^'(q;) n TZ, is not empty, then there exists /3 G ^'(q;) \ 7^, such that de{P} H 
^(a) n 7^, 7^ 0. Hence supp(/3) fl ^'(q;) 7^ and, by the same argument as above, 
Sc{P) e ^'(q:) and we get (m.b). 

Finally we consider the case where '^{a) (ITI, = 0. The boundary de{'^{a)) 
is not empty, thus it contains a root P E and P ^ TZ» because of Theorem 
7.10. The fact that g, is fundamental implies that £c(/3) ^ ^- In particular 
eciP) € dei^ia)). Applying again Theorem 7.10 we have £c(^(a) \ 7^.) n ^' = 0, 
hence ^ ^'(a). Since £c(/3) e 9e(supp(5)) and supp(5) fl 7?., ^ ^(a), it 

follows that supp(5) n ^'(a) = 0, thus ^{a) n eci^ia)) =0- □ 

Lemma 11.4. With the same hypotheses of Lemma 11.3, the effective quotient 
of the fiber of the Q-equivariant CR fibration (g, q$) —>■ (9, q*) has cross-marked 
Satake diagram 

S'= [j *(a)U£c(^'(a)\7^.) 

and = $ n5'. 

In particular it is totally complex if and only if for each o: G $ \ \E', condition (i) 
or (ii) of Lemma 11.3 holds. 

Proof. The effective quotient is described in [MeN5] and at the end of §4. From 
Theorem 7.4 we know that S' C Ua6$\* U £c(*(«) \ '^.)- Equality then 

follows from the observation that ii (3 E ^'(q;) \ 71, then supp(/3) fl \E' = 0. 

To prove the second statement, we can assume that there exists exactly one root 
a E ^\^. In cases (i) and (ii) of Lemma 11.3 the cross- marked Satake diagram of 
the fiber is of the types described in Theorem 10.2 (z), (ii) and is totally complex. 
If we are in case {in) of Lemma 11.3, then ^'(q;) fl TZ, 7^ 0, and the fiber is totally 
complex if and only if [^(a), $ fl ^'(q:)) is one of the diagrams in Theorem 10.2 
{Hi). 

Since de{^{a)) n 7^, = and £c(^e*(a)) n U de'^{a)) = 0, We have 

that ec is not the identity, hence S must be of type A III, A IV, D lb, D Illb, E II 
or EIII. We exclude types A III, A IV, DIb and EII because they do not contain 
subdiagrams of type All or DII, so we are left with types Dlllb and EIII. 

Type Dlllb must be excluded because in this case we have ct = cti or a£-2, 
*(q;) = {cKi, . . . ,0:^-2} and de{'^{a)) = {a^-i^a^} = sc{de'^{a)). 

Similarly type EIII must be excluded because we have a = or a^, ^{a) = 
{q;2,Q;3,Q!4,Q!5} and de{'^{a)) = {ai,ae} = sc{de^{a)). □ 

Theorem 11.5. Let (g, q$) be a simple fundamental effective parabolic minimal 
CR algebra and assume that it is not totally complex. Let II be the set of simple 
roots a in $ that satisfy either one of: 

(z) $(«) C 7^.; 

{ii) ($(«) U de^{a)) nn. = ^ and £c ($(«)) n $ = 0. 
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Then (g, q$) is weakly nondegenerate if and only if II — 0. 

Set = $ \ n. Then {q, q^) — > (g, q^) is a Q-equivariant CR fibration with 
totally complex fiber and fundamental weakly nondegenerate base. 

Proof. Fix a E ^\^. Then conditions (i) and (n) are necessary and sufficient for 
(flj 1$) (fl; l4>\{a}) to be a 0-equivariant Ci? fibration with totaUy complex fiber. 
This observation, Lemma 11.4 and Lemma 11.2 yield our first statement. 
To prove the last part of the Theorem, we make the following 

Claim. Let with a e H. Then (3 satisfies either {i) or (n) for $ if and only 

if P satisfies (i) or (ii) for = $ \ {a}. 

Assuming that this claim is true, we conclude as follows. If 11 = . . . , 
we have g-equivariant CR fibrations with totally complex fibers: 

id, q*) {q, q^-xi/Ji}) (S) q*\{/3i,;32}) ^ (Qi q*\n)- 

Their composition is still a g-equi variant CR fibration with totally complex fiber, 
and the base {g, q^) is weakly nondegenerate. 

Now we prove the claim. If /3 ^ de{^{a)) U deec{^{a)), then = $'(/?), 

ec{^{f3)) = ec{^'{f3)), and there is nothing to prove. 

Assume (3 G de{^a)); then = $(/3)U$(a). If $(a) C 7^., then C 7^. 

if and only if C 7^.. 

If n 7?., = 0, we need to prove that, if /? satisfies (i) or (u), then $(q;) fl 

= 0- This is true because otherwise £c(/3) G (^e(^(a)), and this yields a 
contradiction because we assumed that (g, q<i>) is fundamental. 

Finally if /3 G deec{^{a)) then /? ^ 7^. and e 9e ($(«)), again contradict- 

ing the assumption that (g, q$) is fundamental. □ 

§12. Strict nondegeneracy 

In this section we give necessary and sufficient conditions for a weakly nonde- 
generate CR algebra to be strictly nondegenerate. We recall from the introduction 
that the CR geometry of strict nondegenerate homogeneous CR manifolds can be 
related to the standard models and investigated by using the Levi-Tanaka algebras 
(cf. [MeNl], [Tl], [T2]). Therefore, by classifying the weakly degenerate minimal 
orbits that do not have the strict nondegeneracy property, we single out a class of 
homogeneous CR manifolds with a highly non trivial CR structure that cannot be 
discussed by using the standard Levi-Tanaka models. This also explains the need to 
introduce CR algebras, as a generalization of the Levi-Tanaka algebras, in [MeN5]. 

First we reformulate weak and strict nondegeneracy in terms of the root system: 

Lemma 12.1. A fundamental effective parabolic minimal CR algebra (g, q) is weakly 
nondegenerate if and only if for every root a E Q \ Q there exist a sequence 

{Pi e Q)i<i<n ^"^^ ^^^^ 

(12.1) a^- = a + e 7^ Vj = l,...,n, a„^QuQ. 

Proof. The statement is an easy consequence of [MeN5, Theorem 6.2]. □ 
Likewise we have : 
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Lemma 12.2. A fundamental effective parabolic minimal CR algebra (0, q) is 
strictly nondegenerate if and only if for every root a E Q \ Q there exists P E Q 
such that a + P en and a + p ^ QUQ. □ 

Next we prove that it suffices to check this condition on purely imaginary roots : 

Proposition 12.3. A necessary and sufRcient condition for a fundamental ef- 
fective weakly nondegenerate parabolic minimal CR algebra (g, q) to be strictly 
nondegenerate is that for every root a G TZ» fl Q \ Q there exists P e Q such that 
a + p e TZ and a + p QU Q. 

Proof. The condition is obviously necessary. 

To prove sufficiency, consider a root a E Q\ Q, a ^ TZ,; since a ^ 0, we have 
-a e n+\n,. This imphes that -a e n+ C Q. Then -a e Q and a G Q^. 
By the assumption that (g, q) is weakly nondegenerate, using Lemma 12.1 we can 
find a sequence of roots (Pi) satisfying (12.1). Take the sequence (A)i<i<n of 
minimal length; we claim that for every permutation r of the indices, the sequence 
{PT{i))i<i<n still satisfies (12.1). 

Indeed, fix a Chevalley basis {Xa,}aeTZ- Then, for every transposition + 1): 

q + q ^ . . . , Xi3.^^,Xf3^, Xi3^,Xa] = 

= [^f3n 5 • • • : ^/3i : ^/3i+i ) • • • ) ^I3i , Xa] + [Xi3^ [Xp^^^ , X|3^], Xp^ , Xa\ ■ 

The last addendum in the right hand side belongs to q + q by our assumption that 
{Pi)i<i<n has minimal length. Thus 

[X|3r^■,■■■ ■,X|3^,X|3^^^,... ,Xp^,Xa\ £ \ (q + q) • 

In particular a + Pi E TZ for every i. At least one of the /3i's, say Pi^^, does not 
belong to Q, so a + Pi^ ^ Q. Indeed, since a E QJ' , if a + Pi E Q, then also 
Pi = {a + Pi) + {—a) e Q. By a permutation, we can take Pi^ — Pn- Then we 
claim that a + Pn ^ Q U Q. Indeed we already choose Pn so that a + Pn ^ Q- If 
a + PneQ,we have [Xp^ X/3„_, , X,3^ , X^] = [Xp^ , . . . , X/3„_, , [X^„ , X^]] G q, 
because X^. e q for every z = 1, . . . , n, and hence e Q, contradicting (12.1). □ 

Theorem 12.4. Let (3, q$) be an effective parabolic minimal CR algebra, with q 
simple. If (0, q$) is weakly nondegenerate, but is not strictly nondegenerate, then 
$ is contained in a connected component of B H TZ, . 

The strictly nondegenerate (g, q$) with q simple and ^ C TZ, are those listed 
below : 



(Bib / BII) 
(Clla / lib) 
(DIa) 
(DII) 



$ ={a2i-i}, l<i<p 
$ ={ap+i} 
* ={a2} 
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(EIII) 




(FII) 



$ = 




Proof. We prove the first statement. The proof of the second wiU be omitted, as it 
requires a straightforward case by case analysis, chasing over the different Satake 
diagrams. 

Suppose that (g, q$) is weakly, but not strictly, nondegenerate. Then there is 
some root a G Q<i> \ ct -< 0, such that q; + /9 e Q$ U Q$ for all (3 G Q$ for which 
a + P E TZ. By Proposition 12.3 we can take a G TZ,. Let B' be the connected 
component of supp(Q:) in i3 fl 71,. Since a ^ we have i3' fl $ 7^ 0. 

Since we assumed that (0, q$) is weakly nondegenerate, for each 7 G $ the set 
^(7) is not contained in TZ,. As supp(Q;) fl ^» 7^ 0, this implies that there is some 
P G with /? -< 0, such that (3 ^ TZ, and o; + /? G 7?.. Since /3 G and 
—a G Q^, we obtain that a + /3 ^ Q$. If <B' fl $ contains some which does not 
belong to supp(Q!), this ct^ would belong to supp(Q: + (3). Indeed a-\- fi ^ IZ,, hence 
supp(q; + (3) contains all simple imaginary roots 7 that are not in supp(Q; + /3) and 
such that 5eS(7) n supp(Q; + /?) 7^ 0. This shows that B' n $ = supp(Q:) n 

Let ^ = (7^. n [$ \ B']) U \ TZ,). We want to show that ^ = 0. 

Assume by contradiction that A is not empty. Then there exists a segment S 
in i3 \ $ joining A to supp(Q!), i.e. such that deS fl .A 7^ 0, deS fl supp(Q;) 7^ 0. By 
taking S of minimal lenght, we can also assume that n U supp(Q!)) = . 

Let (3 = -5{S). Then /? ^ 0, /? G and /? ^ 7^., so that a + /? G 7^ \ Q$ . 

If there is some ct^ in deS fl ^ n 7?., 7^ 0, then a + P eTZ, supp(Q; + P) 3 ai, and 
a + P ^ Q<i>, contradicting our assumption. 

If deS n Ann, ^ 0, there is in $ \ 7^, with ec{ai) G 45" n A. Set = 
P — ec{o:i). Then G and o: + G 7^ \ (Q$ U yielding a contradiction; 

this shows that A is empty, completing the proof of our first claim. □ 



§13. Essential pseudoconcavity for minimal orbits 

Let (M, HM, J) be a CR manifold of finite kind (cf. §2). We say that (M, HM, J) 
is essentially pseudoconcave (see [HN2]) if it is possible to define a Hermitian sym- 
metric smooth scalar product h on the fibers of HM such that for each ^ G H^M 
the Levi form has zero trace with respect to h. For a homogeneous CR manifold. 
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this last condition is equivalent to the fact that for each ^ G H M the Levi form 
is either or has at least one positive and one negative eigenvalue. 
The CR functions defined on essentially pseudoconcave CR manifolds enjoy 
some nice properties, like local smoothness and the local maximum modulus prin- 
ciple; CR sections of CR complex line bundles have the weak unique continuation 
property (see [HN2], [HN3]). When M is compact and essentially pseudoconcave, 
global CR functions are constant and Ci?-meromorphic functions form a field of 
finite transcendence degree (see [HN4]). 

In this section we classify the essentially pseudoconcave minimal orbits of com- 
plex flag manifolds. 

We keep the notation of the previous sections. In particular, (g, q$) is an effec- 
tive parabolic minimal CR algebra, with associated cross-marked Satake diagram 
(«S, $). Moreover, wc introduce a Chevalley system for (g, i)), i.e. a family (Za)ae7^ 
with the properties ([B2, Ch.VIII,§2]) : 

(i) Z„ G 0" for all a G 7^; 

(ii) [Zct,Z-a] — —Ha, where is the unique element of such that 

a{Ha) = 2; 

(Hi) the C-linear map that transforms each i? G f) into —H and into Z_a for 
every o; G 7?. is an automorphism of the complex Lie algebra Q. 

In particular, {Za)aen U {Ha)a£B is a basis of q as a C-linear space. We denote by 
(^")a67^ U {u)")aeB the corresponding dual basis in q* . 

Let OJl be the complex flag manifold G/Q and M the minimal orbit G/G+ of 
G in 9Jl. As usual, o ~ e ■ G_|_ ~ e ■ Q is the base point. We note that 

~ g/q ~ (Z, I - a G 0")^ • 
Therefore a Hermitian metric in 971 is expressed at the point o by : 

a,f3€Q" 

where (c^, j) is Hermitian symmetric and positive definite. For the minimal orbit 
we have : 

Ti'OM~q/(qnq)~(Z«| - a G , a G Q . 
Thus a Hermitian metric h in T^'°M can be represented at o by : 

where (Cq,^) is again Hermitian symmetric and positive definite. 

The subspace t = X^ofsQ^nQ" 0~" ^ nilpotent Lie subalgebra of g, which 
is the complexification of a real subalgebra t = t fl g of g. It can be identified 
to the quotient T^M / HqM and hence its dual space t* to the stalk H^M of the 
characteristic bundle of M at o. 

From this discussion we obtain the criterion : 

Proposition 13.1. A necessary and sufRcient condition for M to be essentially 
pseudoconcave is that there exists a positive definite Hermitian symmetric matrix 

(Caj)a,^GS"\S" that 

(13.1) E Ca,0[Za,Zp]^O V7GQ"nQ". 

a+P—j 
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Proof. Indeed (13.1) ie equivalent to the formula we obtain by changing a, (3, 7 into 

-7- n 

Denote by T^'° the C-linear subspace of q with basis {Za)a:eQ^\Q^- each 
7 e Q"^ n we associate a complex- valued form of type (1,1) in T-^'° : 

(13.2) : T^'O X T^'° 3 {Z, W) L^{Z, W) = (l/z)Kg(Z_^, [Z, W]) e C , 

where Kg is the Killing form in g. When 7 = 7 is real, we take in g, to obtain 
a Hermitian symmetric L^. 
We obviously have : 

Lemma 13.2. The following are equivalent: 

(i) M = M{g, q) is essentially pseudoconcave ; 

(a) There exists a Hermitian symmetric positive definite form h in 'T'^'^ such 

that all Jj^ , for 7 G fl Q"" have zero trace with respect to h ; 
{ill) For each 7 e n the Hermitian quadratic forms in : 

(13.3) X^'O 3 Z ^ WL^iZ, Z)eR and 3 Z ^ QL^(Z, Z) eR 

are either or have at least one positive and one negative eigenvalue. 
Proof. The equivalence was proved in [HN2] . □ 

Proposition 13.3. Let (g, q) be an effective parabolic minimal fundamental CR 
algebra. A necessary and sufficient condition for M — M{g, q) to be essentially 
pseudoconcave is that for all real roots 7 G fl the Hermitian symmetric form 
L-y is either zero or has at least one positive and one negative eigenvalue. 

Proof. The condition is obviously necessary. We prove sufficiency. Let F be a subset 
of Q"^ n and let 7i(r) the M-linear space consisting of the Hermitian symmetric 
parts of all linear combinations ^^^r O'-y'^-y with G C. When 7 G fl is 
not real, the Hermitian symmetric part h of oL^, for a G C, satisfies h{Za, Z^) = 
for all a G \ Q"^ More generally, if Tq is the set of all 7 G Q" n Q" for which 
^aeQ"\Q" ^liZa, Z^) = 0, then the matrices {h{Zo,, Zi3))^^p^Q„\^Q„ corresponding 
to h E 7i(ro) have zero trace and thus every h G ^(Fq) that is has at least one 
positive and one negative eigenvalue. 

Choose F as a maximal subset of fl Q" that contains Fq and has the property 
that all non zero h G 7i(F) have at least one positive and one negative eigenvalue. 

If F = Q"^ n Q", then M(g, q) is essentially pseudoconcave. Assume by contra- 
diction that there is 7 G Q"^ n Q"^ \ F. 

Then 7 is real, is Hermitian symmetric and 7Y(F U {7}) — ^(T) + ■ L-j, . 
Moreover, there is at least one root cuq G Q"^ \ such that 7 = cto + ao- Assume 
that there is another root cti G Q" \ with ai + ai = 7 and L^{Zaoi Zao) ' 
L^{Za^,Za^) < 0. If h e n{T), then /i(Zao,Z«J = h{Zc,,,Zc,J = 0. Then the 
matrix associated in the basis (Zq,) to a linear combinations h + cJL^ with c G M, 
c 7^ 0, has two entries of opposite sign on the main diagonal and therefore at least 
one negative and one positive eigenvalue. This would contradict the maximality of 
F. Hence we must assume that all terms L^(Zq,, Z^) have the same sign. 

By the assumption that L-y has at least one positive and one negative eigenvalue, 
we deduce that there are roots /3i , /32 G QT' such that /32 7^ ^1 and Pi + P2 = 
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Pi + ^2 — 7, so that L^(Z^^, Z^^) 0- If h{Zp^, Zp^) — for aU /i G '^^(^), then 
the matrix corresponding to h + cL^, for /j, e "^ir), c e M, c 7^ in the basis (Z^) 
contains a principal 2x2 minor matrix, corresponding to Pi,P2, of the form 

with aeR and A e C, A 7^ . 

Thus it would have at least one positive and one negative eigenvalue, contradicting 
the choice of F. 

Therefore, if F 7^ Q| n we have : 

(i) there exists ckq G \ such that ckq + ckq = 7 G n ; 

(ii) there exists ai, a2 E \ with 0:2 7^ cti, 0:2 7^ cii and Q!i + 0:2 = 7 ; 
(in) for all a, G \ with ct 7^ /5, /? 7^ a and a + ^5 = 7, we have 

a + a G Q'^ n Q'^ and /3 + /3 G n Q'^. 

The roots ao, ao? cti, «i7 ct27 ^2 generate a root system 7^' in their span in f)^, that 
is closed under conjugation. Since we have the relations cio+ao = C(i+a2 — a2+(Xo, 
the span of TZ' has dimension < 4. Moreover, ckq + ckq, cki + cti and 0:2 + ^2 rnust be 
three distinct roots in TZ' . Indeed, set ai + ai = 71, 0:2 + ck2 = 72- By assumption 
71 7^ 7 7^ 72- Moreover we obtain ai — 02 = 71 — 7 = 7 — 72, i-e. 71 + 72 = 27, 
which implies that 71 7^ 72 when 71 7^ 7 7^ 72- 

Thus the dimension of the span of TZ' is < 4. An inspection of the Satake 
diagrams corresponding to bases of at most 4 simple roots shows that no such 
root system contains 3 distinct positive real roots that are sum of a root and its 
conjugate. Denote by O the set of positive real roots 7 that are of the form 7 = a+a 
with a eTZ. To verify our claim, we only need to consider the diagrams with £ = 3,4 
and n 7^ : 

O = {ai + a2 + as} 
fl = {cti + a2 + cts} 
Q — {ai + 0:2 + 0:3 + 0:4} 

Q = {0:2 + CKs, CKl + 0:2 + CCS + Oi4} 




(AIIIa,IIIb) 



su(2, 2) 
su(l,4) 
suf2.3) 



(Clla) 



sp(l,2): n ^ {ai + 2a2 + as} 
sp(l,3): n = {ai + 2a2 + 2a3 + a4} 



Thus we obtained a contradiction, proving our statement. □ 

Theorem 13.4. Let {q, q$) be a simple effective and fundamental parabolic min- 
imal CR algebra. Then M{q, q$) is always essentially pseudoconcave if Q is either 
of the complex type, or compact, or of real type All, Alllb, B, Cllb, DI, DII, 
Dllla, EII, EIV, E VI, E VII, EIX. In the remaining cases M{q, q$) is essentially 
pseudoconcave if and only if we have one of the following : 



(Allla-IV) 



$ c 7^. 

$ C {ai \i < p} U {ai \i > q} 



r ^^{a2h-i\l<h<p} 
^ \^c{ai\i> 2p} 
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(Dlllb) 



(EIII) 



{a^} C $ C 7^. 

$ = {as, as} 



(FII) 



$ C {ai,a2} 



[See the table of Satake diagrams for the types and the references to the roots 
in the statement.] 

Proof. We exclude in the statement the split forms, because in these cases (g, q) is 
not fundamental. When q is compact, (g, q) is totally complex and thus essentially 
pseudoconcave, since the condition on the Levi form is trivially fulfilled. 

For Q of the complex types or of the real types All, Alllb, B, Cllb, DI, DII, 
Dllla, EII, EIV, E VI, E VII, EIX the statement follows from the fact that Q"nQ" 
cannot possibly contain a root of the form a + a with a e \ Q". 

To discuss the remaining cases, we shall use the following : 

Lemma 13.5. Let g be a semisimple real Lie algebra, with a Cartan decomposi- 
tion, g = i (B p, and f) a Cartan subalgebra which is invariant with respect to the 
corresponding Cartan involution d and with maximal vector part. Denote by a the 
conjugation of g with respect to the real form g and let t = a o-d the conjugation 
with respect the compact form t © ip of g. Set TZ = TZ{g, ^). Then there exists a 
Chevalley system {Xa}aeTZ with £ g°' such that: 



Proof of Lemma 13.5. For the proof of this lemma we refer the reader to [B2, 



Ch.VIII], or [He, Ch.III]. □ 

Lemma 13.6. With the notation of Lemma 13.5 : let a., (3 & TZ, with a e TZ,, and 
a + PeTZ, a-p^TZ, P + peTZ. Let 

P, . . . , P + pa and P + P — q'a, . . . , P + P + p'a 




— a 



Va e TZ, 



where the and the coefRcients Na,/3 satisfy: 



' PiH^)=q-p 

Na,f3 ■ N-a,a+f3 = -p{q + 1) 



^ if P — qa, . . . , P + pa is the a-string through p. 



be the a-strings through P and P + P, respectively. Then we have : 



(13.4) [Xa+i3,Xa+i3] = 



[X„ Xf3], [X^, Xp]] ={p- p'{l + q')) [Xp, X^] 
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Proof of Lemma 13.6. We observe that [Xq,,^/?] = ±Xq,_|_^, because (3 — a ^ TZ. 
We have : 



= [[[Xa,Xi3],X-a],Xi3] + [X-a, [[X^, X p], X p]] 
= [[[Xa,X-a],Xp],Xp] + [X-a, [X^, [Xp,Xp]]] 

which, by Lemma 13.5, yields (13.4). □ 

Continuation of the Proof of Theorem 13.4- 

We proceed by a case by case analysis of the simple real Lie algebras containing 
real roots 7 of the form 7 = a + a. 

The positive real roots that are of the form a + a for some a e TZ 



A Ilia -IV 



are : 



lh = J2^jth ^<^j for h = l,...,p. 

(i) Assume that $ C 71,. All 7/1 's belong to fl and are sums a + a 
with a e \ Q^. To prove that L^^ has at least one positive and one negative 
eigenvalue, we consider the roots P = Y^'^Zj^ aj and 6 = Y^^=l+i ■ They both belong 
to Ql\Ql and P + P = 6 + 6 = ^h- We have 6 = p + r]withr] e 7^, and^^-r/ ^ 7^. 
Since 7/^ ± ^ 7?., by Lemma 13.6 we obtain : 



[Xs, Xs] = [[Xp, Xn], [Xp, Xr,]] = - [Xp, Xp] . 



iii) Assume that $n(7?., U {0;^, ctg}) = 0. Let $ = {0;^^, . . . , a^^, a/j^, . . . , a/i^} 
with l<ji<---<jr<p<q<hi<---<ha<l = p + q — 1. We can assume 
that r > 1 and, if s > 1, that p — jr < hi — q. Let h'l = p + q — hi if s > 1, and 
h'l = otherwise. The real roots in fl are the 7fc's with 1 < k < jr- All 
L-y^'s with k < h'l are 0. To show that the L^^'s with h'l < k < jr have at least one 
positive and one negative eigenvalues, we consider a = X^^l^ ctj and /? = X^f^^'^ cti- 
They both belong to \ Q^, are distinct, and a + P = ^k- 

(iii) When $ fl {0;^, ct^} 7^ 0, we can assume, modulo a CR isomorphism, that 
CKp e Then 7p e n and all pairs {a, /?) of roots in \ with a + P = ^p 
are of the form (P^, Pk) with Pf, = Yl^=p'^i some p < k < q. By Lemma 13.6, 
we have 

[Xpk^Xp,^] = [Xa^.X^p] , 

and hence the corresponding L^^ is 7^ and semi-definite. 

(iv) Assume that $ fl TZ, ^ and $ ^ TZ,. We can assume, modulo a CR 
isomorphism, that there is aj G $ with j < p and that ^ $ if either j < i < p, 
or q<i<p + q— j. Let r be the largest integer < q such that ct^ G We observe 
that 7j e n Q| and that all pairs (a, P) of roots in \ with a + /5 = 7-,- 
are of the form {PkiPk) with /J^ = Y^=j some r < k < q. As in the previous 
case, for all p < A; < : 
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and hence L^^. is ^ and semi-definite. 



C Ila The positive real roots that can be written a sum a + a with a E TZ are : 



(i) Assume that $ = {a2hi-i-i • • • , ct2/i^-i} with 1 < hi < ■ ■ ■ < hr < p. The 
roots in fl that are of the form a + a are the 7/1 with 1 < h < hr- The root 
7/i^ is the only one that can be written as a + a with a G \ Q^. But this root 
can also be written as a + P with a = a2hr-i + Ih,, ^-i^d f3 ~ 0:2/1^-1, and therefore 
L-y^^ has at least one positive and one negative eigenvalue. 

(ii) Assume that $ = {a^i, • • • , cifc^} with 2p < ki < ■ ■ ■ < kr < i- Then all 
7/i belong to fl Q^. Fix 1 < h < p, and consider the roots (3 = Yld=2h^i + 
a^ + 2^f~2p^-^ai and a = ct2h-i- Then /3, a + /3 G Q| \ Qg and /3 + ^5 = 
(cK + /3) + (ct + /3) =7/1. By Lemma 13.6 we have : 

[Xa+(i,Xa+f3\ = [[Xa,Xp], [X-^Xp]] = - [Xf3,Xp] , 

showing that L-^^ has at least one positive and one negative eigenvalue. 

{Hi) Assume that $ D {ct2/i-i, ctfc} with 1 < h < p and /c > 2p. We can take h 
to be the largest integer < p with 0:2/1-1 G $ and k to be the smallest integer > 2p 
with CKfc G Then 7/^ G Qg fl Q^. The set of pairs {a, (3) of elements of Q% \ Q| 
with a + P = consists of the pairs (/J^, /J^.), where : 

/3r = EL2h-l tti + + 2 «i 

for r = 2p + 1, . . . , A;. We observe that Pr = Pr+i + and that 7/1 ± a,- ^ 7?.. 
Hence by Lemma 13.6 we have : 

[Xp^,Xf3^] = [[Xa^, X 13^^^], [X_ar.^ ^Pr+l]] = Pr+l ^ ^ Pr+l] ' 

for all r = 2p + 1, . . . , A; — 1. Hence L^^ is 7^ and semi-definite. 



D nib The positive real roots that can be written as a + a with a E TZ are : 



^h = (X2h-i+ae-i+ae + 2Y^^.J^ai, h = l,...,p, for p=^. 

(i) Assume that $ fl {ag-i.ai} ^ 0. Then 7p G Qg fl Q^, and the same 
discussion of case A IV shows that L-y^ is 7^ and semi-definite. 

(ii) Assume that $ = {a2hi-i, • • • , 02/1^-1} with 1 < hi < ■ ■ ■ < hr < p- Then 
7i: • ■ • 7 7hr ^ 2$ QJ; but only 7/^^ can be represented as a sum a + a with 
a G Qg \ Qg. If hr = Pi we reduce to the case of A IV. Assume that hr < p. Then 
we consider the two distinct roots : 

P = "2/1,-1 + a2hr. and 5 = P + ^hr+i ■ 

They both belong to Qg \ and P + 5 = 7/1^ , showing that L^^^ has at least one 
positive and one negative eigenvalue. 



EIII Set ^i = ai + as + a4 + a^ + ctg, 72 = cti + 2q:2 + 203 + 3a4 + 2a5 + a^. 
These are the real positive roots in TZ that can be written as a sum a -|- o: for a 
root a E TZ. Note that 71, 72 both belong to Qg fl Qg for every choice of The 
discussion of the signature of L^^ reduces to the one we did for A IV. 

(i) Assume that $ fl {ai, ae} ^ 0. In this case the discussion for A IV shows 
that L^j is 7^ and semi-definite. 
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(n) Assume that $ = {eta} (the case $ = {cts} is analogous). Then the set 
of pairs (a, /?) of roots of \ such that a + ^ = 72 contains only the pair 
(ct, a) with a = ai + a2 + 20:3 + 2q;4 + a^. Hence L^^ has rank 1 and is 7^ and 
semi-definite. 

(in) Assume that either 04 G $ C TZ,, or $ = {013, a^}. Then the set of pairs 
(a, (3) of roots of \ such that a + /3 = 72 is empty, so that L^^ = 0. The 
discussion for A IV shows that in this case L^^ has one positive and one negative 
eigenvalue. 



F II The real root 7 = cti + 2q;2 + 3q;3 + 2q;4 is the only positive root which 
can be written in the form a + a for some a It belongs to fl for every 
choice of 

(z) Assume that e Then (0:4, 0:4) is the only pair (a, /?) of roots in 
with Q! + /5 = 7. Thus has rank 1 and hencefore is and semi-definite. 

{a) Assume that $ C {ai, 012 }. Set (3 — ai + 2q;2 + 2a3 + = — and 
a = as. Then /3 and + a both belong to \ QJ. With the notation of Lemma 
13.6, we have p = 1, p' = 1, q' = 1. Thus : 

showing that has at least one positive and one negative eigenvalue. □ 

§14. CR FUNCTIONS ON MINIMAL ORBITS 

Let M be a Ci? manifold and let Om {M) be the space of smooth CR functions on 
M (see §2). We say that M is locally CR separable if the functions of Om{M) locally 
separate points, and CR separable if the functions in Om{M) separate points. 

In this section we discuss CR separability for the minimal orbit M = M{Q,q) 
associated to the parabolic minimal CR algebra (g, q). 

When s = 01 © 02 is the product of two semisimple ideals, we set = q fl Qi, for 
i = 1,2. By Proposition 5.2 each q^ is parabolic in gj, and the (gj, qi)'s are parabolic 
minimal. By the remarks following Proposition 5.2, we have M ~ Mi x M2 and 
therefore OmAMi) ® Om2{M2) is dense in Om{M). 

When M is totally real, all smooth functions in M are CR and the CR separa- 
bility is trivial. Thus the CR separability of a general M(0, q) reduces to that of 
the fibers of its fundamental reduction (cf. Theorem 9.3 and its Corollary). 

Indeed, let M TV be the fundamental reduction. We have On{N) ^ C^{N, C). 
Thus the CR functions certainly separate points on distinct fibers. Furthermore, let 
/ be a CR function defined on a fiber p~^[xo) {xq G A^). We choose a CR trivial- 
ization U x p~^[xq) 3 {x,y) — * (j){x,y) G p~^{U), where U is an open neighborhood 
of xq in and (p is a, CR diffeomorphism. Then / extends to a Ci? function F in 
p~^{U), by y)) = f{y). Take a cut-off function x £ C°°{U, C), with compact 

support in U and equal to 1 in xq. Then f{z) = xipi^)) ' for z G p~^{U), 
extended by / = outside p~^{U), is a CR function in M that extends /. This 
shows that M is (locally) CR separable if and only if the fiber p~^{xo) is (locally) 
CR separable. 

In this way we can restrain our discussion of CR separability to the case where 
(0, q) is simple, effective and fundamental. 

First we indicate how CR separability can be read off the cross-marked Satake 
diagram. We have : 
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Theorem 14.1. Let {q, q$) be a simple fundamental effective parabolic minimal 
CR algebra and M = M{q, q$) its associated CR manifold. Then M is locally CR 
separable if and only if its cross-marked Satake diagram is one of the following : 



(A Ilia -IV) $c{ap,«J 
(Dlllb) $C 
(EIII) ^G{ai,ae}. 



In these cases M is also CR separable by real analytic CR functions. 

Proof. We prove that if there is a simple root a satisfying either : 
[i) a e $ n U,, or 

(u) q: e $ \ 7^,, a E B and a + a ^ TZ, 

then M is not CR separable. Inspection of the Satake diagrams then shows that 
the only possibilities left are those listed above. Finally in the examples below we 
show that in those cases M has a CR embedding into an affine complex space E, 
hence is separable by analytic CR functions (the restrictions to M of the global 
holomorphic functions in 

Let a be a simple root, satisfying either (z) or (ii). Then a ± a ^ TZ. Denote 
by a the subalgebra generated by + + 0" + It is semisimple, q n a is 
parabolic in d and (a, q fl a) is totally complex. 

Let b = d n t (in case (i) we have b = d) . Then b is compact semisimple and 
(b, 6 n b) is totally complex. If B C G is the analytic subgroup with Lie algebra 
b then B ■ o is a compact complex submanifold of M of positive dimension. All 
smooth CR functions on M restrict to holomorphic functions in B ■ o, that are 
constant in B ■ o by Liouville's Theorem, and therefore M is not CR separable. □ 

Example 14.2. Fix positive integers p < q and let n = p + q. We identify the 
simple real Lie algebra q ~ su(p, q) with the set of (n x n) complex matrices Z with 
zero trace that satisfy : 

Z*K + KZ = 0, where K = _^ J . 

Let ei, . . . , be the canonical basis of and let q^^ C g ~ sl{n, C) be the set 
of (n X n) matrices in sl(?i, C) such that 

Z{{ei + Cp+i , . . . , Cp + e2p)) C (ei + Cp+i , + e2p) . 

Then (g, q^p) is parabolic minimal. 

The corresponding CR manifold M = M(0, q^^) is the Grassmannian of p-planes 
£p in which are totally isotropic for K (i.e. v*Kv = for all v E £p). We have 

M~ {£p = {{v,u{v)) eC"|veCf}|weU(Cf,C«)}~U(Cf,C«) 

where U(C^, = {u E Alqxp(C) | u*u = Ip} is the set of unitary q x p matrices. 

Give U(C^', C^) the CR structure induced by the embedding in Mqxp{C). The 
compact subgroup K^-*^) ~ SU(p) x SU(g) of matrices of SU(p, q) of the form 
(ir B ) ^^^^ transitively by CR automorphisms on U(C^,C^), the action being 

given by: (^^^y u = BuA-\ 

The associated CR algebra is (fi(^\q') where 6^^^ ~ su{p) ® su{q) and q' is the 

/ Ap 

set of matrices in sl{p) © sl{q) of the form i o Ap d 

V c„_, 
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The group K*^^-* acts transitively on M by Theorem 8.2, and the associated CR 
algebra is l^^) n q) = {t^^\q'). Thus the diffeomorphism M ~ U(Cp, C«) is in 
fact a CR isomorphism. 

In this way we obtain the embedding M ^ Aiqxp{C) ^ C^^. This is a CR 
embedding into a Stein manifold, and therefore M is separable, since Om{M) 
contains the restrictions to M of the holomorphic functions in Aigxpi^C) ~ C^^. 

Example 14.3. Fix a positive integer p and let n = 2p + 1. We identify the simple 
real Lie algebra q — 50* (2n) with the set of (2n x 2n) complex matrices Z with 
zero trace that satisfy : 

( ZJ=JZ, 

\ *ZK + KZ = 0, 

where: 

and K={1';). 
Let be the parabolic subalgebra of matrices in g that stabilize the subspace 

Vn = {ei + en+2p, ■ ■ ■ ,ep + en+p+i, e^+i — e^+p, • • • , e2p — e^+i, e2p+i). 
Then (g, q^^) is parabolic minimal. 

The maximal compact subgroup K ~ U(n) of G of matrices of the form : 

(ir *A~^ £ U(n), acts transitively by CR isomorphisms on M{g, qaj- The 

associated CR algebra is q') where fi ~ u(n) and q' = I fl q^^. This is the subal- 
gebra of matrices in so(2n, C) of the form ^ ^ where An G Qi{n, C) is of the 

/ Bp Cp Vp \ 

form I Dp -''Bp wp J with Bp = ^Bp, Dp = ^Dp. 

V is J 

We let K act on so(n,C) by: k-X = AXA if /c = (^^g" t^-i Let TV be the 

/ -/p \ 

K-orbit of o = I /p o o | . The associated Ci? algebra is (t, q') and the isotropy is 

V 0/ 

connected and contains a generator of tti (U(n)) . Thus M is CR isomorphic to A^. 

Since N is an embedded CR submanifold of the Stein manifold so(n, C) ~ 
(^n(n-i)/2^ it follows that M is separable by the restrictions to M of the holo- 
morphic functions in so(n, C) ~ £^n{n-i)/2^ 

Example 14.4. Let D be the exceptional bounded symmetric domain of type V. 
Its Shilov boimdary S' is a real flag manifold (see [Fa, Part III,Ch.IV§2.8]) for the 
group EIII and is compact, hence it is a minimal orbit M(g, q) where g is of type 
EIII. Furthermore it has CR dimension 8 and CR codimension 8 (see [KZ, p. 180]), 
hence q = or q = q^f^. Thus M(g, q^J ~ 5 is an embedded CR submanifold of 
C^^ and it is separable, since Om{M) contains the restrictions of the holomorphic 
functions in C^^. 

A similar argument could have been applied also to discuss the two previous 
examples 14.2 and 14.3. Indeed the three classes of minimal orbits of examples 
14.2, 14.3 and 14.4 are exactly the Shilov boundaries of the bounded symmetric 
domains that are not of tube type (and that are not totally real; see also [He, 
Ch.X, Ex. D.l] and [Hi]). 

Identify g with a complex Lie algebra of left invariant complex valued vector 
fields in G. Given a C linear subspace a of g, denote by Oc.a the sheaf of smooth 
complex valued functions / on G such that L(/) = for all Lea. 
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Let TT : G — ^ M be the principal fibration, J^m{G) — iv*Om{M) and Tm the 
sheaf of local smooth complex valued vector fields L on G such that L(/) = for 
all / G J^m(G). Let q' = {X e g\Xe e {TM)e}- We note that, since ^jvf(G) is 
invariant for the left action of G on functions, the elements of q' define left invariant 
global sections of Tm- 

Lemma 14.5. q' is a parabolic subalgebra of g and q C q'. 

Proof. The sheaf Tm is invariant for the left action of G, hence it is generated at 
every point by the global left invariant complex vector fields that belong to q' . Since 
Tm is involutive, q' is a subalgebra. Clearly it contains q, and thus is parabolic. □ 

Lemma 14.6. We have: Tm{G) = CG,q'(G) = OG,q(G) . 

Proof. The inclusions J-'m{G) C OG,q'(G) C OG,q(G) follow from the definition 
of q' and Lemma 14.5. To complete the proof we need to show that OG,q(G) C 
^m(G). An / e CG,q(G) is constant on the analytic subgroup of G that has Lie 
algebra fl q, i.e. on G+, (recall that G+ is connected). By left invariance, / is 
constant on the left cosets gG+ and hence is the pullback of a function / defined 
in M. Furthermore / is CR on M because T^'^M = 7r*(q) (here g is identified 
with the complexification of TgG) and therefore L{f) — for all L e T^'-'^M by left 
invariance. □ 

Let M' = M(0, q'), tt' : G ^ M' and p = tt' o tt'^ : M ^ M' the natural 
projection. We have the commutative diagram : 



G 




M ^M' 

Lemma 14.7. M' is CR separable. 

Proof. Assume that M' is not locally CR separable. Then there exists a tangent 
vector X E gai e E G such that tt^X) and Tv'^{X){f) = for every CR function 
/ on M'. Then X G q', hence X E g'_^_ and tt^X) = 0, yielding a contradiction. 

By Theorem 14.1 the CR manifold M', being locally CR separable, is also CR 
separable. □ 

Lemma 14.8. J^m(G) = J^m'{G). Hence: Om{M) = p* {Om'{M')) . 
Proof. This follows by applying Lemma 14.6 to M' . □ 

Lemma 14.9. The complex Lie subalgebra q' is minimal in the set of (not neces- 
sarily proper) parabolic subalgebras of g, containing q, such that M{g, q) is CR 
separable. 

Proof. Suppose that q" is a parabolic subalgebra of g with q C q" C q' and such 
that M" = M(g, q") is CR separable. Then J^m"(G) = J^m'(G) by Lemma 14.6. 
This implies that q" n q" = q' n q', yielding M" = M' and thus q" = q'. □ 

The discussion above leads to the following : 
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Theorem 14.10. Let {g, q$) be a simple effective fundamental parabolic minimal 
CR algebra and M = M(g, q^). Tlien tliere exists ^ C ^ and a G-equivariant 
fibration p : M ^ Ms = M{q, q^) sucli tliat Mg is CR separable and Om{M) = 

(fiOMSMs)). 

Furthermore \1/ = $ fl E, where S is defined according to the type of q : 



E = {a^_i,Q!^}; 
E = {aijCts}; 
E = 0. 

The space Om{M) is one dimensional when = 0, infinite dimensional when 
* ^ 0. □ 



Type A Ilia 
Type Dlllb 
Type EIII 
All other types 



Appendix: Table of noncompact real forms and Satake diagrams 



Name 



Satake diagram 



AI 



ai 



All 



2p + 1 = £ 



A Ilia 



su(p, q) 
2<p<l/2 




Alllb 



5u(p, v) 

1 <p = (£+l)/2 




A IV 



su(l,£) 



CX.\ 



Oil 



BI 



50(p, 2£ + 1 -p) 
2<p<i 



o— 

Oil 



OLr 



BII 



so(l,2£) 



o— 



OLt 



CI 



£p(2£,E) 



o— 

Oi\ 



-o <; o 



Clla 



sp(p,£-p) 
2p<E 



Oil 



Cllb 



2p = e 



DIa 



2<p<£-2 



o— 



— O- 



£-1 
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Name 



Satake diagram 



DIb so(^- 1,^+1) 



o— 



-O— 



Die 



so{2e,R) 



o— 



-O— 



o 

£-1 



DII 



50(1,2£- 1) 



£-1 



Dllla 



so*(2£) 

e = 2p 



£-1 



Dlllb 



50*(2£) 
£ = 2p + 1 



EI 



o— 



Q!4 
— O— 



as 



as 



Q!2 



— o 



EII 




EIII 



Q!l CKa 



Q!4 



Q!2 



as ae 



EIV 



0:4 



I as Q!6 

a2 



EV 



EVI 



Q!4 



-O O 



o o o o — 

CKi as I 0:5 CKe ay 



a2 



o o— 



Q!4 
— O— 

i 

Oil 



aQ OL'j 



42 



A.ALTOMANI C.MEDORI M.NACINOVICH 



Name g Satake diagram 



EVII a4 

o • •— 



CKl Q!3 I 0:5 CKe 0.7 

Oil 



EVIII 04 

-o— 



OL\ 0:3 I CKs CKg OL'J OL% 

0:2 



EIX Q!4 



CKl CKs I Q!5 CKg OL'J CKg 

Q!2 



FI 



CKi Q!2 0:3 Q!4 



FII 



CKl (X2 Q!3 Q;4 



G 



CKl 0:2 
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